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Abstract
Finding theoretical limits on the performance of communication systems and designing

schemes to achieve them is one of the fundamental questions in information theory. While the

theory of point-to-point communication is well-investigated, most problems have remained

unresolved when communication is over a multi-user system. This lack of understanding is

unsatisfactory for today’s growing networks. Recently, significant progress has been made

on these problems through a deterministic approach which lays out a promising path in

developing a better understanding of multi-user communication systems and in devising new

communication schemes. In this thesis, we take a deterministic approach to the problem

of communicating nested message sets over wireless and wireline networks. This class of

problems is motivated by its applications in video streaming services over heterogeneous

networks, where users have different quality-of-service demands.

This thesis mainly considers the scenario where a common message (e.g., the low resolution

information of a video stream) and a private message (e.g., a higher level of resolution) are to

be encoded into a signal and transmitted over a shared medium (e.g., mobile networks, the

Internet) towards a set of users. A group of the users, called public receivers, demand only the

common message and the rest, called private receivers, demand both messages. The focus is

on single-hop broadcast channels and multi-hop wireline networks.

A Linear deterministic model for broadcast channels assumes that every user receives a linear

transformation of the sent signal. This model is mainly motivated by the MIMO Gaussian

broadcast problem in the high SNR regime. We start our study with a simple, yet rich, class

of such broadcast channels. We address the main challenges in designing optimal encoding

schemes and seek new techniques. In particular, we give an exact characterization of the

ultimate rates of communication (together with a class of linear codes that achieves them) over

channels with three public and any number of private receivers. We show sub-optimality of

these schemes for channels with more than three public receivers and propose a block Markov

scheme which allows communication at higher rates. Using this technique, we characterize a

set of achievable rates of communication. The intuitions and techniques that we develop over

this class of channels guide us towards designing optimal codes for (general) linear determin-

istic channels. We fully characterize the set of all admissible rates of communication for linear

deterministic channels with two public and any number of private receivers. We extend this

result to also allow communication of three nested message sets.
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Abstract

The study of deterministic models is aimed to be instructive for understanding more general
channels. In this regard, we consider the problem of broadcasting two nested message sets
over general broadcast channels with two public and one private receiver. For such general
broadcast channels, the ultimate rates of communications (and consequently optimal com-
munication schemes) are still unknown. We adapt the block Markov encoding scheme, which
we developed within the framework of linear deterministic channels, to general broadcast
channels and characterize a set of achievable rates. This achievable rate-region turns out to
be equal to the best previously known region (over channels with two public and one private
receiver). Nonetheless, we argue that it remains possible that our block Markov encoding
scheme may strictly outperform the previous schemes over channels with more (public) re-
ceivers. We discuss potential future directions that seem promising.

When communication takes place over a multi-hop network, devising optimal communication
strategies becomes much more challenging as the encoding scheme of the source should
be designed jointly together with the encoding schemes of all the intermediate nodes of the
network. We explore this problem over wireline networks, assuming two public and one
private receiver. First, we ask if one can always devise a simple and rate-optimal strategy to
route the private information to the private receiver and on the remaining network multicast
the common message to all receivers. We discuss networks for which this strategy is subop-
timal and characterize a class of networks for which it is indeed optimal. We also establish
close connections of this problem to linear deterministic channels. This connection lets us
formulate another strategy for nodes’ operations which achieves higher rates of transmission.
Characterizing all admissible rates of communication over this three-receiver network remains
open for further investigation.

Keywords: network information theory, capacity region, nested message set, broadcast
channel, linear deterministic broadcast channel, combination network, wireline network,
multicast, joint decoding, non-unique decoding, block Markov encoding.
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Résumé
Élucider les limites théoriques de la performance des systèmes de communication, et réaliser

des schémas qui atteignent cette performance est l’un des problèmes fondamentaux de la

théorie de l’information. Bien que la théorie soit développée pour les communications de

point à point, la plupart des problèmes restent ouverts pour les systèmes multi-utilisateurs.

Cette absence de compréhension n’est pas satisfaisante pour les réseaux futurs en expansion.

Récemment des progrès significatifs ont été réalisé grâce à une approche déterministe. Celle-ci

a conduit à une méthodologie prometteuse pour découvrir des solutions approximatives et de

nouvelles techniques. Dans cette thèse, nous utilisons l’approche déterministe dans le cadre

de la communication d’ensemble hiérarchisé de messages à travers les réseaux classique ou

sans fil. Cette classe de problèmes est motivée par leurs applications dans les services vidéo en

streaming sur les réseaux hétérogènes, où les utilisateurs ont des besoins de qualité de service

différents.

Cette thèse considère principalement le scénario où un message commun (par exemple l’infor-

mation de faible résolution d’un flux de vidéo) et un message privé (par exemple l’information

de résolution plus fine) sont codés en un signal transmis a travers un canal commun vers un

ensemble d’utilisateurs. Une partie de ces utilisateurs, appelés receveurs publiques, demande

seulement le message commun, et le reste, appelés receveurs privés, demande les deux mes-

sages. L’accent est mis sur les canaux de diffusion (broadcast channel) et les réseaux classiques

(wireline networks).

Un modèle linéaire et déterministe de canal de diffusion suppose que chaque utilisateurs

reçoit une transformation linéaire du signal envoyé. Le modèle est principalement motivé par

le problème des canaux de diffusion MIMO Gaussian dans le régime de grand SNR (rapport

signal-sur-bruit). Nous débutons notre étude avec une classe simple, mais riche, de tels canaux

de diffusion. Nous expliquons les difficultés principales reliées à la conception de schémas

d’encodage optimaux et cherchons de nouvelles techniques. En particulier, nous caracté-

risons exactement les meilleurs taux possibles de communication (ainsi qu’une classe de

codes linéaires qui atteignent de tels taux optimaux), dans le cas de trois receveurs publiques

et un nombre quelconque de receveurs privés. Nous démontrons la sous-optimalité de ces

schémas pour des canaux avec plus de trois receveurs publiques et proposons un schéma

"bloc-Markov" qui permet la communication à des taux plus élevés. Nous caractérisons un

ensemble de taux atteignables grâce à cette technique. Les intuitions et techniques que nous
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Résumé

développons pour cette classe de canaux nous aident à concevoir des codes optimaux pour
des canaux linéaires déterministes généraux. Nous caractérisons complètement la région des
taux admissibles dans le cas de deux receveurs publiques et nombre quelconque de receveurs
privés. Nous étudions ce résultat de façon à aussi permettre la communication de trois en-
sembles hiérarchisés de messages.

L’étude des modeles déterministes a pour but de comprendre des canaux plus généraux. À
ce propos, nous étudions le problème de la diffusion de deux ensembles hiérarchisés de
messages pour deux receveurs publiques et un receveur privé, problème pour lequel les taux
de communications (et par conséquent les schémas optimaux) ne sont pas connus. Nous
adaptons le schéma d’encodage "bloc Markov", que nous avons développé dans le cadre des
canaux linéaires déterministes, aux canaux de diffusion généraux, et comparons sa perfor-
mance avec les meilleurs résultats connus. Nous observons que la performance est similaire
(sur des canaux avec deux récepteur publiques et un récepteur privé). Néanmoins, nous
discutons de la possibilit’e que notre encodage "bloc Markov" puisse strictement dépasser les
performance sur des canaux avec plus de récepteurs (publiques). Nous discutons aussi des
directions futures qui nous semblent prometteuses.
Sur les réseaux multi-bonds, la conception de stratégies optimales de communication, de-
vient beaucoup plus difficile car l’encodage de la source et celui des noeuds intermédiaires
doivent être conçus conjointement. Nous explorons ce problème sur les réseaux classiques,
en supposant deux receveurs publiques et un receveur privé. Tout d’abord, nous investiguons
s’il est toujours possible de trouver une stratégie simple et optimale (vis-à-vis du taux de com-
munication) d’acheminer l’information privée au récepteur privé et de diffuser (multicast) le
message commun à tous les receveurs sur le reste du réseau. Nous discutons des réseaux pour
lesquels cette stratégie est sous-optimale et caractérisons une classe de réseaux pour lesquels
elle est bien optimale. Nous établissons aussi une connexion avec le problème de canaux
linéaires déterministes. Cette connexion nous permet de formuler une autre stratégie pour les
opérations sur les noeuds qui affichent des meilleurs taux de transmission. La caractérisation
des taux de communications optimales sur ce réseau à trois receveurs reste un problème
ouvert.

Mot-clés : théorie de l’information des réseaux, région de capacité, ensemble hiérarchisée
de messages, canal de diffusion, modèle linaire et déterministe de canal de diffusion, réseaux
classiques, réseau de combinaison, multicast, décodage conjoint, décodage non-uniques,
bloc-Markov codage.
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1 Introduction

Finding theoretical limits on the ultimate rates of communication in (wireless and wireline)

networks and designing codes to achieve such rates forms one of the fundamental problems

in the field of information theory, established in the seminal work of Shannon [75]. While the

theory of point-to-point communication (where one source communicates with one receiver)

is well-investigated, most fundamental questions in multi-terminal communication systems

have remained unanswered. Communication over multi-terminal systems differs from point

to point communication in many aspects such as the broadcast nature of transmissions (e.g.,

wireless transmissions can be picked by any receiver in the vicinity of the transmitter), the

superposition (e.g., a wireless receiver picks up a linear combination of transmissions from

all transmitters in its vicinity), the potential for cooperation among nodes, the multiplicity of

sources and sinks of information, and users’ various demands (e.g. smart devices in today’

mobile networks have different quality demands depending on many factors such as their

different classes of subscription, quality of channels, and power capabilities). This thesis

addresses problems of broadcasting and multicasting nested message sets.

Our work is motivated by applications in digital media distribution and video streaming

services over heterogeneous networks. In mobile networks, for instance, the number of

devices compares with the world’s population (around 5.4 billion subscribers with more than

175 million laptops, 34 million tablets, and 650 million smart phones). Over such networks,

more than 52% of the data traffic is video, and this is predicted to be two-thirds by 20161. It

has, therefore, become a challenge how to communicate video data at high rates over shared

media (e.g., wireless, the Internet) and meet the quality of service demands of various receiver

devices. Among the many efficient video compression techniques, Scalable Video Coding

(SVC) provides a paradigm for addressing this issue, by producing several prioritized or nested

layers of information: a base layer (which encodes low resolution information and gets the

highest priority), and several refinement layers (which progressively encode higher levels of

resolution and therefore get lower priorities). The idea behind SVC is that different devices

receive, depending on their quality of service demands, all the layers belonging to a certain

1Cisco Visual Networking Index: Global Mobile Data Traffic Forecast Update, 2011−2016
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Chapter 1. Introduction

level of nesting. The topic of interest in this thesis is to design reliable and rate-optimal

schemes to communicate such nested layers, or what we call nested message sets, to various

receiver devices over a given communication media.

Despite their increasing importance in the growing networks, most fundamental questions

on the limits of performance over multi-terminal communication systems, including the

problem of broadcasting towards multiple receivers, have remained unanswered over decades.

Recently, the deterministic approach [6] of Avestimehr, Diggavi, and Tse (2007) achieved a

breakthrough by providing an alternative tool to model wireless networks. Proving successful

over the interference channel and the relay network, this approach has laid out a promising

path both in finding approximate solutions and in finding new techniques. In this thesis,

we take a deterministic approach to the problems of broadcasting and multicasting nested

message sets.

1.1 Literature Review

Broadcasting may be considered as the act of simultaneous transmission of information to-

wards multiple receivers over a channel or more generally over a multi-hop network. This

problem was first mathematically formulated by Cover (1972) in [20] through a (single-hop)

broadcast channel, and since then it has been studied through many variations and general-

izations. Despite all the efforts, however, finding the capacity region of broadcast channels,

in general, has proved to be hard. One may hope that a nested structure for the message

sets simplifies the problem; however, this is also not the case in general. A deterministic

approach [6, 63] towards such problems is the primary direction of this thesis. We start with

briefly reviewing some of the related work over single-hop broadcast channels and multi-hop

networks.

1.1.1 Single-hop broadcast channels

Broadcast channels were first formulated in [20] to develop intuition on the topic of simulta-

neous transmission of information towards multiple receivers. After four decades, however,

the problem of determining the capacity region of these channels is still open even with two

receivers each requiring a common and an individual message; however, results for many

special cases are available. This includes the following cases: channels with a degradation

order between the receivers [20, 9, 29], certain classes of two-receiver broadcast channels

(e.g. “less noisy", “more capable", “deterministic", “semi-deterministic") [44, 30, 53, 35, 31],

noiseless broadcast channel with arbitrary number of receivers [62], Gaussian multiple-input

multiple-output broadcast channels [81], two-receiver broadcast channels with nested mes-

sage sets [43], and multiple-input multiple-output broadcast channels with two receivers and

two nested message sets [82]. In addition to the above exact characterizations, inner and

outer-bounds to the capacity region were derived in [79, 2, 54, 31, 25, 56, 49] for two-receiver

broadcast channels. Among the aforementioned works, Marton’s region [54] is the largest

2



1.1. Literature Review

known inner-bound when there is no common message destined to the two receivers and

the inner-bound of Gelfand and Pinsker [31] and the inner-bound of Liang and Kramer [49]

(which are both extensions of [54]) are considered to be the largest known inner-bounds on

the capacity of a two-receiver broadcast channel when there is also a common message. The

equivalence of the two regions of [31] and [49] was recently shown in [50]. The broadcast

problem has also been examined in many other scenarios such as the broadcast channel with

feedback [23, 61, 45, 76, 10], the broadcast channel with cooperative decoders [67, 21, 49, 51],

and the source-channel broadcast problem with correlated sources [78, 39, 64].

The problem of broadcasting prioritized or nested messages has recently drawn further atten-

tion. The works in [22, 12, 57] investigate the problem of nested message set broadcasting over

channels with more than two receivers for some classes of channels. In particular, Diggavi

and Tse [22] characterize the capacity region for the parallel Gaussian broadcast channel,

when only the strongest receiver needs the private information, Borade, Zheng and Trott

[12] consider multilevel broadcast channels (which combine aspects of degraded broadcast

channels and broadcast channels with degraded message sets) and find an inner and an outer-

bound on the capacity region and Nair and El Gamal [57] give an exact characterization of the

capacity region for a class of three-receiver channels, when there is a degradation between

two of the receivers. Another line of research towards communication of prioritized mes-

sages is in coding theory when an unequal error protection is assumed over the bit/messages

[14]. This approach was recently revisited by Borade, Nakiboglu and Zheng in [11] from an

information-theoretic perspective.

While most problems in multi-terminal information theory have remained open, the deter-

ministic approach of Avestimehr, Diggavi and Tse has proved promising by achieving progress

in these long-standing open questions. In particular, the work of [5, 6] provides an alterna-

tive tool to model wireless networks. This model is motivated by Gaussian MIMO problems

in the high SNR regime, when the additive noise at each receiver is small compared to the

strength of the signals received from the transmitters. In other words, this model focuses

on the interaction between the signals transmitted from the different nodes of the network

rather than the noise. The strength of this model became clear from the works of [13] and

[4] which characterized the capacity regions of interference channels and relay networks

within a constant number of bits. Within this framework, Prabhakaran, Diggavi and Tse [63]

characterized the capacity region of a linear deterministic channel with three receivers and

three nested message sets.

1.1.2 Multi-hop networks

As one expects, the problem of simultaneous communication of information over multi-

hop networks is an even harder problem, for it also asks for optimal cooperative strategies

among the intermediate nodes. Such problems are mainly studied over wireline networks,

Aref networks, and deterministic relay networks in the unicast scenario [3] and one-message-
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multicast scenario [6, 66, 1]. Investigating the challenges in the problem of multicasting

multiple messages over wireline networks (where communication between nodes is point-

to-point, noise-free and interference-free) would, therefore, be one step forward to a better

understanding of the more general multi-hop networks.

Wireline networks (classical networks) model networks where information can be sent point

to point, noiselessly. An example of this type of networks is the Internet backbone, where

information can be sent between nodes essentially free of noise (using proper data link

protocols). Over such networks, the optimal rates with which one message set could be

multicast to multiple terminals was established in 2000 in the original work of Ahlswede et

al. [1] and it was shown that network nodes need to perform network coding to achieve

the capacity. Li, Yeung and Cai showed in [48] that linear network coding is sufficient to

achieve this multicast capacity. Koetter and Médard [41] and Jaggi et al. [38] then presented

constructions of linear multicast network codes. Randomized construction of multicast codes

was proposed by Ho et al. in [37]. In [28], Fragouli and Soljanin proposed a deterministic

method to design decentralized codes, which is based on the information flow decomposition.

In [59], Ngai and Yeung showed that the network coding gain (compared to the routing

schemes) can indeed be unbounded.

The problem of delivering multiple messages is unresolved in general, although there is an

implicit characterization using entropy functions [84, 16]. In [16], Chan and Grant prove that

even for the nested message set multicast problem and even with two nested message sets,

explicit characterization of the capacity region and finding the optimal code design for a

general wireline network with many receivers may be as hard as solving any network coding

problem in general. Nonetheless, there has been progress on some special cases. In particular,

Erez and Feder, Ngai and Yeung, and more recently Ramamoorthy and Wesel [65, 60, 26]

consider graphs with a single source and only two destinations and characterize the capacity

region for a common and two individual message sets. As a model in between single message

multicast and general message set multicast, non-uniform demand networks are studied in

[15, 17, 42], where each receiver demands a certain (different) number of messages whose

identities do not matter.

The problem of nested message set multicast has been addressed in the literature mainly

within the context of efficient network code design for multi-resolution video streaming. In

[40], Kim et al. design efficient multicast network codes in order to maximize the total rate

achieved by all receivers (while ensuring decodability of the base layer of the video at all

receivers). Also, the benefits of linear network coding for video streaming scenarios is studied

over wireless networks by Gheorghiu et al. and Soldo et al. in [32, 77].

1.2 Problem Formulation, Terminology and Notation

Throughout this thesis, the problem of main interest is communication of two (and sometimes

three) nested messages. A transmitter communicates a high priority message (common
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Transmitter

W1,W2

Wireless Channel

Receiver 1

Ŵ1 Receiver 2

Ŵ1

Receiver 3

Ŵ1,Ŵ2

Figure 1.1: The transmitter broadcasts two nested message sets (a common message W1 and a
private message W2) over a wireless channel, towards two public and one private receivers.
Receiver 1 and Receiver 2 are public receivers and required to reconstruct message W1 and
Receiver 3 is a private receiver and requires to reconstruct both messages W1,W2..

message) and a low priority message (private message), over a communication media which is

common among K receiver devices. The objective is that a subset of the devices, which we refer

to as the public receivers, reliably decode the common message and the remaining subset of

the devices, which we refer to as the private receivers, reliably decode both the common and

the private messages. We refer to this communication setting as the nested two-message-set

scenario. Within a nested two-message-set scenario, we denote the common message by

W1 which is an R1-bit message and the private message by W2 which is an R2-bit message.

The public and private receivers are indexed within sets I1 = {1, . . . ,m} and I2 = {m +1, . . . ,K },

respectively. We also occasionally consider generalizations to the nested three-message-set

scenario where a common, a semi-private, and a private message are to be communicated.

The medium of communication may, in practice, be a wireless or a wireline multi-hop network.

In this work we explore (single-hop) broadcast channels, mostly through simple deterministic

models, and (multi-hop) wireline networks. Figure 1.1 shows a nested two-message-set sce-

nario over a wireless channel and Figure 1.2 shows it over a wireline network. The fundamental

question of interest, throughout this thesis, is characterizing optimal rates of broadcasting

(and multicasting) two nested message sets and designing schemes that achieve such rates.

We start with the problem of broadcasting over single-hop channels.

1.2.1 Broadcast channels through deterministic models

Finding the capacity region of the broadcast channel has proved to be a challenging problem.

In this thesis, our main goal is to study optimal code design over simpler deterministic channel

models and seek techniques that may be adapted to more general channels. We briefly
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Transmitter

W1,W2

Transmitter

Receiver 1

Ŵ1 Receiver 2

Ŵ1

Receiver 3

Ŵ1,Ŵ2

Figure 1.2: The transmitter multicasts two nested message sets (a common message W1 and a
private message W2) over a wireline network, towards two public and one private receivers.
Receiver 1 and Receiver 2 are public receivers and require to reconstruct message W1 and
Receiver 3 is a private receiver and requires to reconstruct both messages W1,W2.

mention the broadcast channel models that are of interest in this thesis, starting with the most

general model.

General broadcast channels A broadcast channel is in general modeled by a discrete mem-

oryless channel with an input signal X (with an alphabet set X ), K output signals Y1, . . . ,YK

(with output alphabet sets Y1, . . . ,YK ), and a collection of transition probabilities p(y1, . . . , yK |x),

Yi ∈Yi , one for each input symbol x. A code is a sequence of ((2nR1 ,2nR2 ),n) codes consisting

of an encoder (which maps messages W1 and W2 (over a transmission block of length n) to

a signal X n ∈X n which is to be sent) and K decoders (each of which decodes the messages

that it requires from its received signal yn
i ∈Y n

i ). We say that a rate pair (R1,R2) is achievable

if there exists a sequence of codes for which the error probability tends to zero as the block

length n grows large.

Linear deterministic broadcast channels Deterministic broadcast channels form a special

class of broadcast channels, where the output signals are deterministic functions of the input

signal. In particular, modeling the broadcast channels by a linear deterministic model is

motivated by the MIMO Gaussian broadcast channel in the high SNR regime. The input to a

linear deterministic broadcast channel is a signal X (which lies in an d−dimensional vector

space Fd , where F is a fixed finite field), and each output signal Yi , i = 1, . . . ,K , is a linear
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(a) A combination-network channel
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(b) The equivalent combination network

Figure 1.3: A combination-network channel and its equivalent graphical description as a
combination network.

transformations of the sent signal; i.e.,

Yi = Hi X , (1.1)

where Hi denotes the channel matrix whose elements are from finite F, and has a rank ri .

When working with linear deterministic channels, we express all rates in terms of log2 |F|.
Having all the channel matrices as row submatrices of the identity matrix, we arrive at what

we call combination-network channels.

Combination-network channels One simple, yet rich, class of linear deterministic broad-

cast channels is obtained, when the channel matrices (in a linear deterministic model) are

all sub-matrices of the identity matrix. For example, Figure 1.3a shows such a three-receiver

channel. In such channels, therefore, each output signal is a vector containing a collection of

the symbols of the input signal. This class of linear deterministic channels, indeed, models

the broadcast channel via a set of resources which is shared among the receivers and have a

simple graph representation (see Figure 1.3b); in this regard, combination-network channels

could be (equivalently) captured within a simple class of wireline networks which are known

as combination networks [59] (and hence the name combination-network channels).
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1.2.2 Multi-hop wireline networks as graphs

Multicasting messages over multi-hop networks is, inherently, a more difficult problem in

that not only an optimal code design is needed for the source, but also all network nodes’

encoding/decoding schemes need to be jointly and optimally designed. The problem of nested

two-message-set multicast was solved for wireline networks with two destination receivers

[65, 60, 26].

A wireline network may be modeled through an acyclic directed graph G = (V ,E). An edge

goes from node i ∈V to node j ∈V if node i can communicate (noiselessly) one symbol from

a finite field F with node j . Expressing all rates in terms of log2 |F|, we assume each edge to

have a unit capacity.

Over such a network, the source encodes messages W1 and W2 into the signals that it sends

out over its outgoing edges, with the objective that each receiver is capable of decoding its

messages of interest from the signals that it receives (over its incoming edges). For a nested

two-message-set scenario, a network code is a sequence of ((2nR1 ,2nR2 ),n) codes consisting of

an encoder at the source which maps W1 and W2 (over a transmission block of length n) into

its outgoing signals, an encoder at each intermediate node which maps its received signals

into the signals that it sends over its outgoing edges, and K = 3 decoders each mapping its

received signals into its messages of interest. We say that a network code achieves rate pair

(R1,R2) if the probability of making an error (at any of the decoders) goes to zero as n tends to

infinity.

We explain the organization of the thesis and a summary of our findings in the next section.

1.3 Organization and Main Results

The rest of this thesis is organized in four chapters. The first three chapters (Chapter 2-4) deal

with single-hop broadcast channels and Chapter 5 considers multi-hop wireline networks.

In Chapter 2, we study the problem of broadcasting two nested message sets over a simple class

of linear deterministic channels, i.e, combination-network channels. We illustrate through

examples that even within such simple classes of channels, the optimal broadcast code design

is non-trivial; the challenge is mainly due to the fact that the two different demands of the

receivers are contrasting: on one hand, public receivers require only the common message

and cannot decode it if it is encoded together with too much private information. On the

other hand, private receivers (which we assume are more than one), require both messages

and require them to be mixed and encoded together. A consequence is that although the

public receivers request to decode only the common message, the source might nevertheless

require, in an optimal code design, to also reveal to them some partial information about the

private message. A main focus of this chapter is on encoding schemes which aim to optimally

respect this trade-off. We show that rate-splitting and linear superposition coding optimally
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resolve the tension for channels with two public and many private receivers. This technique

presumes independence among the partial information that gets revealed to the different

subsets of public receivers; however, this is not always desired over channels with more public

receivers. We discuss this through examples and optimally resolve the issue over channels

with three public receivers by using a proper pre-encoder at the source. In particular, we fully

characterize the capacity region for channels with three (or fewer) public and any number of

private receivers. We then discuss, through some examples, the shortcomings of the proposed

encoding schemes in channels with more than three public receivers. We propose a block

Markov encoding scheme and characterize its achievable region which coincides with the

capacity region for channels with three (or fewer) public and any number of private receivers.

For channels with more than three public receivers, we provide an example for which the block

Markov encoding scheme strictly outperforms the previously mentioned schemes. Showing

the converse of our coding theorems relies heavily on the sub-modularity of the entropy

function.

In Chapter 3, we first briefly discuss direct applications of the combination-network channel

in finding inner-bounds on the capacity region of linear deterministic channels. We then

build on the linear encoding schemes of Chapter 2 to extend some of the results to (general)

linear deterministic channels. In particular, we fully characterize the capacity region of

linear deterministic channels with two public and many private receivers in the nested two-

message-set scenario and further extend the results to the nested three-message-set scenario.

The capacity characterizations are in terms of (joint) rank of the channel matrices. We will

comment on the obstacles that come into picture for channels with more than two public

(and many private) receivers.

Chapter 4 deals with general broadcast channels. We consider the problem of broadcasting

two nested message sets over a general channel with two public and one private receiver. Our

primary goal is to adapt the block Markov encoding scheme which we proposed in Chapter 2

to general broadcast channels, and compare its achievable rate-region with the best known

region which is due to Nair and El Gamal [57]. In this regard, we examine the achievability

scheme of Nair and El Gamal which uses the so called indirect decoding scheme at the public

receivers. Indirect decoding (also known as non-unique decoding) schemes have played

role in many multi-terminal information theory problems since their first appearance in

[57] and [19]. The hope has been that such schemes may strictly outperform schemes that

employ the joint unique decoding scheme of Han and Kobayashi [34]. We ask if indirect

decoding is necessary considering the fact that equivalence of regions achievable by these two

schemes have been observed in a few different contexts (but always via comparison of the

single letter characterization of the regions). We provide an interpretation and a systematic

proof technique for why indirect decoding, in all known cases where it has been employed,

can be replaced by a particularly designed joint unique decoding strategy, without any penalty

from a rate-region viewpoint. This result allows us to show inclusion of the rate-region of Nair

and El Gamal in the rate-region achievable by a simple block Markov encoding scheme. It

turns out that for the two-public receiver case, the two regions, in fact, coincide. However,
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since we are unable to show a similar result for more than two public receivers, it remains

possible that our block Markov encoding scheme may achieve points outside the region of

Nair and El Gamal. We discuss some potential future directions that seem promising.

Finally in Chapter 5, we study the problem of multicasting two nested message sets over

multi-hop wireline networks (arbitrary graphs) with two public and one private receivers. This

problem is a challenging problem in the sense that the encoding scheme of the source should

be designed jointly with the encoding schemes of all the intermediate nodes of the network.

Our goal in this chapter is twofold. First, we ask if one can devise a rate-optimal coding strategy

to route the information symbols of the private message to the private receiver through some

R2 edge-disjoint paths from the source to the private receiver, and on the remaining graph

(without the R2 paths), multicast the common message to all receivers. This strategy was

shown to be optimal over networks with two receivers (one public and one public receivers)

[65]. Motivated by the simplicity of such schemes in practical scenarios, we ask if such simple

strategies are optimal over networks more generally (e.g., two public and one private receivers),

and if not, for what class of networks one should expect optimality. It turns out that the answer

is in general negative, but we identify a class of networks for which this simple strategy is

optimal. This identification is through a condition on the incidence matrix of the graph. Our

second goal is to make a close connection between the problem of multicasting over wireline

networks and the problem of broadcasting over linear deterministic channels. This connection

lets us formulate another strategy for the nodes’ operations which achieves higher rates of

transmission compared to the previously mentioned strategy. Unfortunately, none of our

schemes can be shown to be capacity-achieving, in general.
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2 Broadcasting Nested Message Sets
Over Combination-Network Channels

We defined combination-network channels, in Section 1.2, as a class of linear deterministic

broadcast channels which have a simple graph representation (in the form of a combination

network). This class of linear deterministic channels turns out to be a rich class of channels

in that it captures many of the inherent difficulties of general channels, while being simple

enough to explore new coding schemes. In this chapter, we study the problem of broadcasting

two nested message sets over such channels.

2.1 Problem Formulation and Main Results

A source broadcasts a common message W1 of rate R1 and a private message W2 of rate R2

towards K receivers over a combination-network channel and the goal is that m (public)

receivers, indexed by I1 = {1,2, . . . ,m}, recover the common message and the remaining k −
m (private) receivers, indexed by I2 = {m +1, . . . ,k}, recover both the common and private

messages. The problem of interest is to characterize the ultimate rate pairs (R1,R2) at which

messages W1 and W2 can be communicated reliably. We express all rates in terms of log2 |F|.

We start by the formal definition of combination-network channels.

Definition 2.1 (Combination-network channels). Combination-network channels form a

special class of linear deterministic broadcast channels. The input to a combination-network

channel is a signal X which lies in a d−dimensional vector space Fd , where F is a fixed finite

field. Each output signal Yi , i = 1, . . . ,K , is given by a particular linear transformation of the

sent signal, Yi = Hi X , where each channel matrix Hi is assumed to be a sub-matrix of the

identity matrix Id×d .

The simple structure of the channel matrices in combination-network channels imposes

that each output signal is a vector which collects a subset of the symbols of the input signal.

Therefore, we adopt the following equivalent graphical description:
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(a) A combination-network channel
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(b) The equivalent combination network

Figure 2.1: A three-receiver combination-network channel and its equivalent graphical de-
scription as a combination network.

Definition 2.2 (Combination network1). A combination network is a three-layer directed

network with one source and multiple destinations. Such networks consist of a source node in

the first layer, d intermediate nodes in the second layer and K destination nodes in the third layer.

The source is connected to all intermediate nodes (through edges to which we refer as resources),

and each intermediate node is connected to a subset of the destinations (see Figure 2.1b). We

assume all edges to have unit capacity.

The equivalence between Definitions 2.1 an 2.2 can be best understood from Figure 2.1

which shows a three-receiver combination-network channel with channel matrices H1, H2, H3

and its equivalent combination network. Throughout this chapter, we use the combination

network representation of our simple (combination-network) class of broadcast channels. We

sometimes use these two terms interchangeably, We have adopted the name combination-

network channel in order to emphasize on the fact that a single-hop broadcast channel is

under the study.

Consider a combination network. We refer to the outgoing edges of the source as the resources

of the combination network. We denote the set of resources by the set E of a cardinality equal

to d . We further distinguish these resources with respect to the public receivers they are

connected to; i.e., we denote the set of all resources that are connected to every public receiver

in S ⊆ I1 and not connected to any public receiver not in S by ES ⊆ E . Note that edges of set ES

may or may not be connected to the private receivers. Whenever needed, however, we identify

1The term combination network has been originally used in [59] but to refer to a smaller class of three-layer
networks.
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2.1. Problem Formulation and Main Results

S

v1 v2 v3 v4 v5

D2D1 D3 D4

E{2} E{1,2} E{φ}

Figure 2.2: A combination network with two public receivers indexed by I1 = {1,2} and two
private receivers indexed by I2 = {3,4}. Labeling of the resources is done with respect to
public receivers. In this example, Eφ = {(S, v4), (S, v5)}, E{1} = {}, E{2} = {(S, v1)}, and E{1,2} =
{(S, v2), (S, v3)}.

the subset of edges in ES that are also connected to a private receiver p, by E
p
S . Figure 2.2

shows this notation over a combination-network graph with four destinations. In this example,

Eφ = {(s, v4), (s, v5)}, E{1} = {}, E{2} = {(s, v1)}, E{1,2} = {(s, v2), (s, v3)} and E 3
φ = {(s, v4), (s, v5)},

E 4
φ = {}, E 3

{1} = E 4
{1} = {}, E 3

{2} = E 4
{2} = {(s, v1)}, E 3

{1,2} = {(s, v3)}, E 4
{1,2} = {(s, v2)}.

To communicate messages W1 and W2, each edge of the network carries symbols containing

information about messages W1 and/or W2. We denote the symbol carried over an edge

e by xe , which is a scalar from finite field F. We denote by XS , where S ⊆ I1, the set of all

symbols carried over resource edges in ES , and by X p
S , where S ⊆ I1 and p ∈ I2, the set of all

symbols carried over resource edges in E
p
S . To simplify notation, we sometimes abbreviate the

union sets
⋃

S∈S ES ,
⋃

S∈S E
p
S and

⋃
S∈S XS , by ES , E

p
S

and XS , respectively. The vector of all

received symbols at receiver i ∈ {1, . . . ,K } is denoted by Yi . Finally, when working with blocks

of length n, we use X̄ to denote signals X [1], . . . , X [n] over a transmission block of length n.

For our later use, we define superset saturated subsets of 2I1 roughly as follows. We say that

a subset T ⊆ 2I1 is superset saturated if inclusion of every set S in T implies the inclusion

of all its supersets; e.g., over subsets of 2{1,2,3}, T = {{1}, {1,2}, {1,3}, {2,3}, {1,2,3}} is superset

saturated, but not T = {{1}, {1,3}, {1,2,3}}. More formally, we define superset saturated subsets

as follows.

Definition 2.3 (Superset saturated subsets). We say that subset T ⊆ 2I1 is superset saturated if

it holds that S is an element of T only if every T ∈ 2I1 where T ⊇ S is an element of T .

For notational matters, we sometimes abbreviate a subset T by the few sets that are not

implied by the other sets in T . For example, {{1}, {1,2}, {1,3}, {1,2,3}} is abbreviated by {{1}?},

and {{1}, {1,2}, {1,3}, {2,3}, {1,2,3}} is abbreviated by {{1}?, {2,3}?}.
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Chapter 2. Broadcasting Nested Message Sets Over Combination-Network Channels

2.1.1 Summary of results

Our results in this chapter are in the form of coding theorems for broadcasting two nested

message sets over combination-network channels. In this regard, we characterize inner-

bounds on the capacity region of such channels and show their tightness over channels with

three (or fewer) public and any number of private receivers, by proving converse theorems. Let

us give a quick overview of the obstacles, remedies, techniques, and theorems of this chapter.

The Theorems are numbered as they appear within the chapter.

The problem of broadcasting messages towards receivers which have (two) different demands

over a shared media (such as the combination-network channel) is, in a sense, finding an

optimal solution to a trade-off. This trade-off is imposed because on the one hand, public

receivers (which presumably have access to fewer resources) need enough information about

the common message only so that each can decode the common message and on the other

hand, private receivers need full information of both messages to be able to decode them. It is,

therefore, desirable from private receivers’ point of view to have these messages fully mixed

(when the number of private receivers is large) and this is in contrast with the public receivers’

decodability requirement. We will illustrate this further through Example 2.3 on Page 17. To

optimally resolve this tension, one would therefore need to reveal some partial information

about the private message to the public receivers.

One standard approach to reveal partial (private) information to the public receivers is through

the rate splitting technique. By splitting the private rate into 2m rate-split parametersαS , S ⊆ I1,

and through a linear superposition coding, one achieves all rate pairs which satisfy certain

decodability constraints (which we will formulate in terms of the rate-split parameters and

the structure of the resources). This is summarized in Theorem 2.1 (on Page 24) as a feasibility

problem and is proved to be tight for two public and many private receivers (see Theorem 2.4,

Page 38).

Theorem 2.1. Consider a combination-network channel with m public receivers (indexed

within I1 = {1, . . . ,m}) and K −m private receivers (indexed within I2 = {m+1, . . . ,K }). The rate

pair (R1,R2) is achievable if there exists a set of real-valued variables αS , S ⊆ I1, such that

‘

αS ≥ 0 ∀S ⊆ I1

R2 =∑
S⊆I1

αS

R1 +∑
S⊆I1
S3i

αS ≤∑
S⊆I1
S3i

|ES | ∀i ∈ I1

R2 ≤∑
S∈T αS +∑

S∈T c |E p
S | ∀p ∈ I2, ∀T ⊆ 2I1 superset saturated

R1 +R2 ≤∑
S⊆I1

|E p
S | ∀p ∈ I2

(2.1)

Theorem 2.4. Over a combination-network channel with m = 2 public and many private

receivers, any achievable rate pair lies in the rate region of Theorem 2.1 (for I1 = {1,2}, I2 =
{3, . . . ,K }).
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2.1. Problem Formulation and Main Results

The converse proof uses standard ideas. This region is not tight when the number of public

receivers is three or more.

The above scheme breaks up the private information into independent pieces and reveals each

piece to a subset of public receivers. It turns out that one may, depending on the structure

of the resources, gain by introducing some dependency among the revealed partial (private)

information. In our second approach, we allow this dependency by an appropriate pre-

encoder which encodes the private message into a pseudo private message of a larger rate,

followed by a linear superposition encoding scheme. This scheme achieves the rate-region of

Theorem 2.2 which is stated below (see Page 27).

Theorem 2.2. Consider a combination-network channel with m public receivers (indexed

within I1 = {1, . . . ,m}) and K −m private receivers (indexed within I2 = {m +1, . . . ,K }). Rate

pair (R1,R2) is achievable if there exists a set of real valued variables αS , S ⊆ I1, such that

αS ≥ 0 ∀S ⊆ I1, S 6=φ

R2 =∑
S⊆I1

αS

R1 +∑
S⊆I1
S3i

αS ≤∑
S⊆I1
S3i

|ES | ∀i ∈ I1

R2 ≤∑
S∈T αS +∑

S∈T c |E p
S | ∀p ∈ I2, ∀T ⊆ 2I1 superset saturated

R1 +R2 ≤∑
S⊆I1

|E p
S | ∀p ∈ I2

(2.2)

This region looks similar to the previous rate-region of Theorem 2.1, except in the non-

negativity constraint on αφ (which is now relaxed). We show through an example that the

rate region of Theorem 2.2 is strictly larger than Theorem 2.1 (see Example 2.2 on Page 25). In

fact, we prove that this region is tight for m = 3 (or fewer) public receivers and any number of

private receivers (as opposed to 2 public receivers for Theorem 2.1). To prove the converse

(see Page 39), we do not explicitly eliminate all variables αS . The idea of the converse proof is

(1) to write an outer-bound on the rate-region which looks similar to the inner-bound but is

in terms of some entropy functions (rather that variables αS); and (2) to relate the process of

elimination of variables αS to the sub-modularity inequalities on the entropy functions.

Theorem 2.5. Over a combination-network channel with m = 3 public and any number of

private receivers, any achievable rate pair lies in the rate region of Theorem 2.2 (for I1 = {1,2,3},

I2 = {4, . . . ,K }).

Generalizing the pre/encoding scheme is difficult because of the more complicated depen-

dency structure that might be needed, in an optimal code design, among the partial (private)

information that is to be revealed to the subsets of public receivers. This is best illustrated in

Example 2.3 on Page 28 which also shows that region of Theorem 2.2 is not tight over channels

with m > 3 public (and any number of private) receivers. In our third and final approach,

therefore, we try to capture these dependencies over time, rather than capturing it through
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Chapter 2. Broadcasting Nested Message Sets Over Combination-Network Channels

the structure of the one-time code. For this, we devise a simple block Markov encoding scheme

and characterize its achievable rate region. This region is stated in Theorem 2.3. See Page 37.

Theorem 2.3. Consider a combination-network channel with m public receivers (indexed

within set I1 = {1, . . . ,m}) and K −m private receivers (indexed within set I2 = {m +1, . . . ,K }).

Rate pair (R1,R2) is achievable if there exists a set of real valued variables λS , S ⊆ I1, such that

∑
S∈T λS ≥ 0 ∀T ⊆ 2I1 superset saturated

R2 =∑
S⊆I1

λS∑
S⊆I1
S3i

λS ≤∑
S∈T λS +∑

S∈T c

S3i
|ES | ∀i ∈ I1, ∀T ⊆ {{i }?} superset saturated

R1 +∑
S⊆I1
S3i

λS ≤∑
S⊆I1
S3i

|ES | ∀i ∈ I1

R2 ≤∑
S∈T λS +∑

S∈T c |E p
S | ∀p ∈ I2, ∀T ⊆ 2I1 superset saturated

R1 +R2 ≤∑
S⊆I1

|E p
S | ∀p ∈ I2

(2.3)

Comparing the rate-regions of Theorem 2.2 and Theorem 2.3, one sees that the latter has

a more relaxed set of non-negativity constraints but a more restrictive set of decodability

constraints in (2.3). For the case where I1 = {1,2,3}, the two regions, both, turn out to be the

capacity region and, therefore, coincide. Furthermore, Example 2.3 serves as one instance

where the block Markov encoding scheme strictly outperforms the previously discussed linear

schemes. Finally, the converse proof (see Page 48) is as follows. Given an achievable rate

pair and a broadcast code design that achieves it, we explicitly find variables λS in terms of

the entropy of the collections of the symbols that are carried over the resources (by the code

design).

Theorem 2.6. Over a combination-network channel with m = 3 public and any number of

private receivers, any achievable rate pair lies in the rate region of Theorem 2.3 (for I1 = {1,2,3},

I2 = {4, . . . ,K }).

The chapter is organized in three section. Section 2.2 studies our linear encoding schemes

which are based on rate splitting, linear superposition coding, and pre-encoding, Section 2.3

examines block Markov encoding schemes and Section 2.4 discusses optimality results.

2.2 Rate Splitting and Linear Encoding Schemes

Throughout this section, we confine ourselves to linear encoding at the source. We assume

rates R1 and R2 to be non-negative integer values2. Let w1,1, . . . , w1,R1 and w2,1, . . . , w2,R2 be

variables in finite field F for messages W1 and W2, respectively. We call them information

2There is no loss of generality in this assumption. One can deal with rational values of R1 and R2, by coding
over blocks of large enough length n and working with integer rates nR1 and nR2. Also, one can attain real valued
rates through a sequences of rational numbers that approach them.
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2.2. Rate Splitting and Linear Encoding Schemes

S

W1 = [w1,1]

W2 = [w2,1, w2,2]

D1

W1

D2

W1, w2,1

D3

W1,W2

D4

W1,W2

w1,1w1,1 +w2,1 w2,1 w2,2

Figure 2.3: In order to multicast messages W1 = [w1,1] and W2 = [w2,1, w2,2] (of rates R1 = 1
and R2 = 2), the source needs to reveal partial information about the private message to public
receiver 2. In this example, this partial information is symbol w2,1.

symbols of the common and the private message. Also, let vector W ∈ FR1+R2 be defined as the

vector with coordinates in the standard basis W = [w1,1 . . . w1,R2 w2,1 . . . w2,R2 ]T .

The symbol carried by each resource is a linear combination of the information symbols

w1,1, . . . , w1,R1 , w2,1, . . . , w2,R2 , and after properly rearranging all symbols XS , S ⊆ I1, we have



X{1,...,m}
...

X{2}

X{1}

Xφ

= A ·W,

where A ∈ Fd×(R1+R2) is the encoding matrix. The aim of this section is to design A so that the

public receivers decode message W1 and the private receivers decode both messages W1,W2.

We then characterize the rate pairs achievable by our code designs.

The challenge in the optimal code design in this problem stems from the fact that destinations

receive different subsets of the symbols of the input signals and have two different decodability

requirements. On the one hand, private receivers require their received signal to bring infor-

mation about all information symbols of the common and the private message. On the other

hand, public receivers might not be able to decode the common message if their received

signals contain too much information about the private message. This tension is seen better

through the following example.
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Chapter 2. Broadcasting Nested Message Sets Over Combination-Network Channels

Example 2.1. Consider the combination network shown in Figure 2.3, where the source

communicates a common message W1 = [w1,1] and a private message W2 = [w2,1, w2,2] to four

receivers. Receivers 1 and 2 are public receivers and receivers 3 and 4 are private receivers. In

this example, the following facts can easily be verified.

• Randomly linearly combining all information symbols and sending them out on the

resources of the combination network allows none of the public receivers decode their

message of interest.

• In order to achieve rate pair (R1 = 1,R2 = 2), it is necessary that partial information

about the private message be revealed to public receiver 2. More precisely, rate pair

(1,2) is feasible only if symbol X{2} carries information about one symbol of message

W2 (or one linear combination out of the message space of W2) in addition to common

message W1.

4

Example 2.1 suggests that an optimal encoding scheme should allow mixing of the common

message with the private message, but in a restricted and controlled manner so that it allows

decodability of the common message at public receivers. Before attempting such a code

design, let us find conditions for decodability of the messages, if we assume that the received

signal is Y .

Lemma 2.1. Let vector Y has the following construction where T1 ∈ Fr×R1 , T2 ∈ Fr×R2 , W1 ∈
FR1×1, and W2 ∈ FR2×1.

Y =
[

T1 T2

]
·
[

W1

W2

]
(2.4)

Message W1 is recoverable from Y if and only if rank (T1) = R1 and the column space of T1 is

disjoint from that of T2.

Proof. We start with proving the "if" statement. Since W1 is recoverable from Y , it holds for any

W1,W2,W ′
1,W ′

2 that if Y = Y ′ (or equivalently T1(W1 −W ′
1)+T2(W2 −W ′

2) = 0) then W1 = W ′
1.

In particular for W2 =W ′
2, one derives that for any W1,W ′

1, equation T1(W1 −W ′
1) = 0 results in

W1 = W ′
1. Therefore T1 is (column) fullrank; i.e., rank(T1) = R1. Furthermore, for all vectors

W2,W ′
2 such that T2(W2−W ′

2) 6= 0, one obtains T1(W1−W ′
1) 6= T2(W ′

2−W2); i.e., columns space

of matrix T2 is disjoint from the column space of matrix T1.

To prove the "only if" statement, we prove that if it holds that rank(T1) = R1 and column spaces

of T1 and T2 are disjoint, then equation Y = Y ′ (or equivalently T1(W1 −W ′
1)+T2(W2 −W ′

2) =
0) results in W1 = W ′

1 for all vectors W1,W2,W ′
1,W ′

2. We show this by contradiction. Let
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2.2. Rate Splitting and Linear Encoding Schemes

T1(W1 −W ′
1)+T2(W2 −W ′

2) = 0 and W1 6= W ′
1. For the cases where T2(W2 −W ′

2) = 0, we get

T1(W1 −W ′
1) = 0 for W1 6=W ′

1, which contradicts the original assumption of rank(T1) = R1. For

other cases, equation T1(W1 −W ′
1)+T2(W2 −W ′

2) = 0 suggests that there exists at least one

non-zero vector in the intersection of the column spaces of T1 and T2 which contradicts the

second original assumption.

Corollary 2.1. Messages W1,W2 are recoverable from Y in equation (2.4), if only if we have

rank
([

T1 T2

])
= R1 +R2.

Corollary 2.2. Message W1 is recoverable from Y in equation (2.4), only if rank(T2) ≤ r −R1.

Since every receiver sees a subset of the symbols of the input signals, from corollary 2.1 and

2.2 it becomes clear that an admissible linear code needs to satisfy many rank constraints on

its different sub-matrices. In this chapter, our primary approach to the design of such codes is

through zero-structured matrices, discussed next.

2.2.1 Zero-structured matrices

Definition 2.4. A zero-structured matrix T is an r × c matrix with entries either zero or indeter-

minate (from a finite field F), in a specific structure. This matrix consists of 2t ×2t blocks, where

each block is indexed on rows and columns by subsets of {1, · · · , t }. Block b(T,S), T,S ⊆ {1, · · · , t },

is a rT × cS matrix. Matrix T is structured so that block b(T,S) is set to zero if T 6⊆ S, and is

indeterminate otherwise. Note further that c =∑
S cS and r =∑

T rT .

Equation (2.5) demonstrates this definition for t = 2.

T =

c{1,2}←→ c{1}↔ c{2}↔ cφ↔
0 0 0

0 0

0 0


l
l
l
l

r{1,2}

r{1}

r{2}

rφ

(2.5)

Although zero-structured matrices are defined in Definition 2.4 with zero or indeterminate

variables, we also refer to the assignments of such matrices as zero-structured matrices.

In this subsection, we derive conditions for zero-structured matrices so that they can be made

(column) fullrank. We will prove the following result.

Lemma 2.2. There exists an assignment of the indeterminates in the zero-structured matrix

T ∈ Fr×c (as specified in Definition 2.4) that makes it (column) fullrank, provided that

c ≤ ∑
S∈T

cS +
∑

S∈T c

rS , ∀T ⊆ 2{1,...,t } superset saturated. (2.6)
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A
source

n{1,2} n{2} n{1}
nφ

n′
{1,2}

n′
{2} n′

{1} n′
φ

B
sink

c{1,2} c{2} c{1} cφ

r{1,2} r{2} r{1} rφ

Figure 2.4: Source node A communicates a message of rate c =∑
S cS to the sink node B over a

unicast network. The network is tailored so that the mixing of the information which happens
at third layer mimics the same mixing of the information that is present in the rows of matrix
T.

A corollary of Lemma 2.2 is that there exists a c ×c sub-matrix of T, which is fullrank. So, the

polynomial that this determinant specifies is a non-zero polynomial of degree at most 1 over

finite field F and therefore by Schwartz-Zippel lemma [55, Chapter 1, Theorem 2], it evaluates

to zero for a random choice of its variables with a probability at most 1
|F| . This bounds the

probability of a random zero-structured matrix T being fullrank as follows.

Corollary 2.3. Assigning the indeterminates of the zero-structured matrix T ∈ Fr×c (as specified

in Definition 2.4) independently and uniformly at random makes it (column) fullrank with a

probability at least 1− 1
|F| , provided that inequalities in (2.6) hold.

We devote the rest of this subsection to proving Lemma 2.2. It also gives intuition and builds

a background for the later proofs. The proof is simple and the general idea is to reduce the

problem of matrix T being (column) fullrank to an information flow unicast problem. For

simplicity of notation and clarity of proofs, we give details of the proof for t = 2. It will become

clear that the result holds in general.

In particular, let matrix T ∈ Fr×c be a zero-structured matrix given by equation (2.5). Lemma

2.3 (stated below) reduces the problem of matrix T being (column) fullrank to an information

flow problem over an equivalent unicast network (which is given in Figure 2.4 ), and Lemma

2.4 (stated below) finds conditions for feasibility of this equivalent unicast problem.

Let us explain systematically, how we construct this equivalent unicast network from matrix T.
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2.2. Rate Splitting and Linear Encoding Schemes

The network is a four-layer directed network with a source node A in the first layer, four (in

general 2t ) nodes nS , S ⊆ {1, . . . , t }, in the second layer, another four (in general 2t ) nodes n′
S ,

S ⊆ {1, . . . , t }, in the third layer, and finally a sink node B in the fourth layer. Over this network,

source node A wants to communicate a message of rate c to a sink node B . From source node

A to each node nS , we have cS (unit capacity) edges. Also, from each node n′
S to the sink node

B , we have rS (unit capacity) edges. The edges from the second layer to the third layer of

this equivalent unicast network are all of capacity infinity and they connect each node nS to

all nodes n′
T where T ⊆ S. As it becomes more clear now, the equivalent unicast network is

tailored so that the mixing of the information which happens at each node n′
S (at the third

layer) mimics the same mixing of the information that is present in the rows of matrix T.

Lemma 2.3. Given the zero-structured matrix T ∈ Fr×c of equation (2.5), the following two

statements are equivalent.

(i ) There exists an assignment of variables in T that makes it (column) fullrank.

(i i ) A message of rate c could be sent over its equivalent unicast network (the network in

Figure 2.4) from source node A to sink node B.

Proof. We start with proving that statement (i i ) reduces to statement (i ). Assume that matrix T

is assigned (column) fullrank. Over the equivalent unicast network, we propose a network code

that constitutes a transfer matrix (from node A to node B) exactly equal to the fullrank matrix

T: First, let each outgoing edge of the source carry one uncoded symbol of the message. Then,

let the first r{1,2} rows of matrix T specify the local encoding matrix at node n′
{1,2}. Similarly, let

the second r{2}, third r{1}, and last rφ set of rows of matrix T specify the local encoding matrices

at nodes n′
{2}, n′

{1}, and n′
φ, respectively. Note that the zero-structure of matrix T, which is

given in equation (2.5), ensures that this is a well defined construction. It follows that T is the

transfer matrix from node A to node B and since it is (column) fullrank, the encoded message

can be decoded at sink node B .

Statement (i ) also reduces to statement (i i ) and the proof is by construction. If a message of

rate c could be sent over the equivalent unicast network (from node A to node B), then there

are c edge disjoint paths from source node A to sink node B . Each such path matches one

of the outgoing edges of source node A to one of the incoming edges of sink node B . We call

this matching (between the outgoing edges of the source and the incoming edges of the sink),

matching M , and we note that its size is c. We use this matching to fill the indeterminates of

matrix T with 0−1. First of all, note that each column j of matrix T corresponds to an outgoing

edge of the source, say e j , and each row i of matrix T corresponds to an incoming edge of

the sink, say e ′i , such that entry (i , j ) of matrix T is zero if and only edges e j and e ′j cannot be

matched. Now, put a 1 in entry (i , j ) of matrix T if edge e j is matched to edge e ′j over matching

M . Since matching M has a size equal to c, matrix T is filled column-fullrank.
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Chapter 2. Broadcasting Nested Message Sets Over Combination-Network Channels

By Lemma 2.3, conditions under which matrix T could be made full-rank is given by the

min-cut between nodes A and B over the equivalent unicast network. These conditions are

given by Lemma 2.4 which follows.

Lemma 2.4. The min-cut separating nodes A and B over the network of Figure 2.4 is given by

the following expression.

min
T ⊆2I1

T has prefix property

∑
S∈T

cs +
∑

S∈T c

rS (2.7)

Proof. Consider all cuts separating source node A from sink node B . Since the intermediate

edges all have infinite capacity, the minimum cut does not contain any edges from them. One

can easily verify the following over Figure 2.4: If an edge (n′
T ,B), T ⊆ {1, . . . , t }, does not belong

to the cut, then all edges (A,nS) where S ⊇ T belong to that cut. So each (finite-valued) cut is

derived for a set S ⊆ 2{1,...,t } and has its value as

∑
S∈S

rS +
∑

S⊇T, T∈S c

cS . (2.8)

It is not difficult to verify that the (inclusion-wise) minimal cuts are derived for sets S c that

have prefix property. Renaming S c as T concludes the proof.

So Lemma 2.3 and Lemma 2.4, together, find conditions for matrix T to become fullrank. The

proof for t > 2 follows the same lines.

2.2.2 Zero-structured linear codes: an achievable region

We saw in Example 2.1 that the resources available to a public receiver should not contain

too much information about the private message, in order to allow the common message

be decoded. In our primary approach, we resolve this by a zero-structured encoding matrix.

Equation (2.9), below, shows such an encoding matrix specified to two public and many

private receivers. The non-zero entries are all indeterminate and to be designed appropriately.

Also, parameters α{1,2}, α{2}, α{1} and αφ are non-negative structural parameters, and they

satisfy α{1,2} +α{2} +α{1} +αφ = R2.

A =

R1←→ α{1,2}←→ α{2}↔ α{1}↔ αφ↔
0 0 0

0 0

0 0


l
l
l
l

|E{1,2} |

|E{2} |

|E{1} |

|Eφ |

.
(2.9)
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In other words, matrix A splits message W2 into four message subsets, W {1,2}
2 , W {2}

2 , W {1}
2 , W φ

2 ,

of rates α{1,2}, α{2}, α{1}, αφ, respectively. The structure of A ensures that only messages W1,

W {1,2}
2 and W {1}

2 are involved in the linear combinations that are received at public receiver 1.

Similarly, only messages W1, W {1,2}
2 and W {2}

2 are involved in the linear combinations that are

received at public receiver 2. More generally, we split message W2 into all message subsets,

W S
2 of rate αS , S ⊆ I1, such that

∑
S
αS = R2, (2.10)

and we use a zero-structured encoding matrix A that allows W S
2 to be involved (only) in the

linear combinations that are sent over resources in ET where T ⊆ S. When referring to a zero-

structured encoding matrix A, we also specify the rate-split parameters αS , S ⊆ I1 whenever

needed.

Remark 2.1. As defined above, parameters αS , S ⊆ I1, are assumed to be integer-valued.

Nonetheless, one can let these parameters be real and approximately attain them by encoding

over blocks of large enough length.

In the following, we provide sufficient conditions under which receivers can decode their

messages of interest from their received signals.

• Public receiver i ∈ I1: Received signal Yi is the vector of all the symbols carried by re-

sources available to receiver i . Using the (zero-structured) encoding matrix of equation

(2.9) over a (combination-network) channel with two public receivers, we have Y2 as

follows.

Y2 =
[

X{1,2}

X{i }

]
=

R1←→ α{1,2}←→ α{2}↔ α{1}↔ αφ↔[
0 0 0

0 0

]
l
l

|E{1,2} |
|E{2} |

·
[

W1

W2

]
(2.11)

Generally, received signalYi is given by Yi = Ai W , where Ai is a zero-structured matrix

and has at most
∑

S⊆I1 S3i αS non-zero columns. We use Lemma 2.1 to find conditions

for decodability of W1. Let entries of Ai be picked independently and uniformly at

random from finite field F. Then we have, with a probability at least 1− 1
|F| , that the

first R1 columns of Ai are fullrank and the column space of the first R1 and the last R2

columns of Ai are disjoint, provided that

∑
S⊆I1
S3i

αS ≤ ∑
S⊆I1
S3i

|ES |−R1. (2.12)

So the common message is decodable at public receiver i (with a probability at least

1− 1
|F| ) if inequality (2.12) holds, assuming that the encoding matrix takes its non-zero
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variables independently and uniformly at random (over finite field F).

• Private receiver p ∈ I2: Received signal Yp is the vector of all the symbols carried by

resources in the sets E
p
S , S ⊆ I1. Using the zero-structured encoding matrix of equation

(2.9) over a combination-network channel with two public receivers, we have Yp as

follows.

Yp =


X p

{1,2}

X p
{2}

X p
{1}

X p
φ

=

R1←→ α{1,2}←→ α{2}↔ α{1}↔ αφ↔
0 0 0

0 0

0 0


l
l
l
l

|E p
{1,2} |

|E p
{2} |

|E p
{1} |

|E p
φ
|

·
[

W1

W2

]
(2.13)

Generally, received signal Yp is given by Yp = ApW , where Ap is zero-structured. To have

messages W1,W2 decodable at private receiver p, matrix Ap is required to be (column)

fullrank. By Corollary 2.3, assigning variables in matrix Ap independently and uniformly

at random makes it (column) fullrank (with a probability at least 1− 1
|F| ), provided that

the following inequalities hold.

R2 ≤
∑

S∈T

αS +
∑

S∈T c
|E p

S | ∀T ⊆ 2I1 superset saturated (2.14)

R1 +R2 ≤
∑

S⊆I1

|E p
S | (2.15)

Inequalities (2.12),(2.14) and (2.15) provide us with constraints on parameters αS , S ⊆ I1,

under which a random choice of the zero-structured encoding matrix A ensures all receiver’s

decodability requirements with a probability at least 1− K
|F| . Under such constraints, therefore,

there exists a zero-structured encoding matrix that satisfies all decodability requirements

provided that |F| > K . Note that operation over smaller fields is also possible, by coding over

blocks of large lengths. Whether or not a rate pair (R1,R2) is achievable through this scheme

can be posed as a feasibility problem in terms of parameters αS , S ⊆ I1. We summarize this

achievable region in the following theorem.

Theorem 2.1. Consider a combination-network channel with many public receivers (indexed

within set I1) and many private receivers (indexed within set I2), Rate pair (R1,R2) is achievable

if there exists a set of real valued variables αS , S ⊆ I1, that satisfy the following inequalities.

Structural constraints:

αS ≥ 0 ∀S ⊆ I1 (2.16)

R2 =
∑

S⊆I1

αS (2.17)

Decoding constraints at public receiver i ∈ I1:
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R1 +
∑

S⊆I1
S3i

αS ≤ ∑
S⊆I1
S3i

|ES | (2.18)

Decoding constraints at private receiver p ∈ I2:

R2 ≤
∑

S∈T

αS +
∑

S∈T c
|E p

S | ∀T ⊆ 2I1 superset saturated (2.19)

R1 +R2 ≤
∑

S⊆I1

|E p
S | (2.20)

Remark 2.2. Note that inequality (2.18) ensures at the public receivers, only decodability of the

common message and not the superposed messages, W S
2 , i ∈ S ⊆ I1 (which are not of particular

interest to the public receivers). To have public receiver i decode all private message subsets W S
2 ,

i ∈ S ⊆ I1, one needs further constraints on αS , as given in (2.21)3.

∑
S⊆I1
S3i

αS ≤ ∑
S∈T

αS +
∑

S∈T c

S3i

|ES | T ⊆ {{i }?} superset saturated (2.21)

Theorem 2.1 characterizes an achievable region, using standard techniques of rate splitting

and linear superposition coding. We prove in Subsection 2.4.2 that this encoding scheme

is rate-optimal for channels with two public and many private receivers. Nonetheless, this

encoding scheme is not in general optimal. We discuss this sub-optimality next and modify

the encoding scheme to attain a strictly larger rate region.

2.2.3 Modified structured linear codes: an achievable region

We start with an example, where linear superposition coding, as discussed, performs sub-

optimally.

Example 2.2. Consider the combination network of Figure 2.5 where destinations 1, 2, 3 are

public receivers and destinations 4, 5, 6 are private receivers. The source wants to commu-

nicate a common message W1 = [] of rate R1 = 0 and a private message W2 = [w2,1, w2,2] of

rate R2 = 2. It is clear that rate pair (R1 = 0,R2 = 2) is achievable (just multicast the private

message towards the private receivers using random linear network coding). However, there

is no choice of αS ≥ 0, S ⊆ {1,2,3}, which satisfies inequalities (2.16)-(2.20) for this rate pair,

unless αφ is allowed to be negative, in which case one such set of parameters αS is given by

αφ =−1, α{1} =α{2} =α{3} = 1, and α{1,2} =α{1,3} =α{2,3} =α{1,2,3} = 0.

Obviously, there is no longer a "structural" meaning to this negative set of parameters. Nonethe-

less, it still has a peculiar meaning that we try to investigate in this example. As suggested

by the positive parameters α{1}, α{2}, α{3}, we would like, in an optimal code design, to re-

3More precisely, call Ti the submatrix of Ai which does not contain the all-zero columns. One observes that
messages W S

2 , i ∈ S ⊆ I1, are all decodable if and only if Ti is (column) fullrank. Since Ti is zero-structured,
Corollary 2.3 gives the required constraints.
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S

W1 = []

W2 = [w2,1, w2,2]

D1 D2 D3 D4 D5 D6

X{1} X{2} X{3}

Figure 2.5: Innerbound of Theorem 2.1 is not tight for more than m > 2 public receivers:
while rate (0,2) is not within the region of Theorem 2.1, a multicast code such as X{1} = w2,1,
X{2} = w2,2, X{3} = w2,1 +w2,2 ensures its achievability.

veal a subspace of dimension one (of the private message space) to each public receiver

(and only that public receiver). The subtlety comes in when one notices that such partial

(private) information that is revealed to the public receiver subsets {1}, {2} and {3} are not

mutually independent, as message W2 is of rate 2. The previous scheme does not allow such

dependency.

We use this observation to modify the encoding scheme and achieve the rate pair (0,2). First,

pre-encode message W2, through a pre-encoding matrix P ∈ F3×2, into a pseudo private

message W ′
2. Then, encode W ′

2 using a zero-structured encoding matrix. This is shown in the

following.

 X{1}

X{2}

X{3}

 =

 1 0 0

0 1 0

0 0 1


 w ′

2,1

w ′
2,2

w ′
2,3



Notice that this zero-structured encoding matrix does reveal a subspace of dimension one

(of the pseudo-private message space) to each public receiver. Furthermore, using such a

pre-encoding/encoding scheme, each private receiver gets to decode two symbols out of the

three symbols of W ′
2. If the pseudo-private message is obtained from a random matrix P, for

instance, each private receiver gets to decode the (original) private message W2 with a positive

probability. Therefore, there exists such a pre-encoding/encoding scheme that achieves the

rate pair (0,2).

4

Inspired by Example 2.2, we modify the encoding scheme, using an appropriate pre-encoder,
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to obtain a strictly larger achievable region as expressed in Theorem 2.2.

Theorem 2.2. Consider a combination network with many public receivers (indexed within a

set I1) and many private receivers (indexed within a set I2). The rate pair (R1,R2) is achievable

if there exists a set of real valued variables αS , S ⊆ I1, that satisfy the following inequalities.

Structural constraints:

αS ≥ 0 ∀S ⊆ I1, S 6=φ (2.22)

R2 =
∑

S⊆I1

αS (2.23)

Decoding constraints at public receiver i ∈ I1:

R1 +
∑

S⊆I1
S3i

αS ≤ ∑
S⊆I1
S3i

|ES | (2.24)

Decoding constraints at private receiver p ∈ I2:

R2 ≤
∑

S∈T

αS +
∑

S∈T c
|E p

S | ∀T ⊆ 2I1 superset saturated (2.25)

R1 +R2 ≤
∑

S⊆I1

|E p
S | (2.26)

Remark 2.3. Note that in the above rate-region, the non-negativity constraint on αφ is relaxed

(compared to the rate-region in the Theorem 2.1).

Proof. Let (R1,R2) be in the rate region of Theorem 2.2; i.e., there exist parameters αS , S ⊆ I1,

that satisfy inequalities (2.22)-(2.26). Since we already know what to do if α ≥ 0, in this

proof we emphasize more on αφ < 0. In the following, we assume (αφ)− = min(0,αφ) and

(αφ)+ = max(0,αφ). Furthermore, without loss of generality, we assume that parameters αS ,

S ⊆ I1, are real valued (Refer to Remark 2.1).

First of all, pre-encode message W2 into a message vector W ′
2 of dimension R2−(αφ)−, through

a random pre-encoding matrix P ∈ FR2−(αφ)−×R2 ; i.e., we have

W ′
2 = PW2. (2.27)

Then, encode messages W1 and W ′
2 into the symbols that are put on the resources, using a

random zero-structured matrix with rate split parameters αS , φ 6= S ⊆ I1, with no column

corresponding to αφ < 0. The encoding matrix is, therefore, given as follows, where all indeter-

minates are picked independently and uniformly at random from finite field F.
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A =

R1←→ α{1,2}←→ α{1}↔ α{2}↔ (αφ)+↔
0 0 0

0 0

0 0


l
l
l
l

|E{1,2} |

|E{1} |

|E{2} |

|Eφ |

·


IR1×R1 0

0 P


(2.28)

The condition for decodability of W1 at each public receiver i ∈ I1 is (2.24) and at each private

receiver p ∈ I2 is (2.26). This follows as before, from Lemma 2.1. All receivers can, therefore,

decode the common message with a positive probability. Lemma 2.5 (stated below) proves

that the private receivers can also decode the private message with a positive probability.

Lemma 2.5. Assigning variables in A independently and uniformly at random lets receiver p

decode message W2 (with a probability at least 1− 1
|F| ), provided that message W1 is decoded

and inequalities in (2.25) hold.

Proof. The proof is similar to the proof of Lemma 2.2 and we defer it to Appendix 2.A.

So far, we have argued that the modified structured (random) encoding matrix of (2.28) lets

each receiver recover its message(s) of interest with a probability at least 1− 1
|F| . So altogether,

the code is admissible with a probability at least 1− K
|F| . Therefore, there exists such a structured

linear code that achieves rate pair (R1,R2), provided that |F| > K , or through vector coding.

We will show in Subsection 2.4.2 that the inne-rbound of Theorem 2.2 is tight for channels

with m = 3 (or fewer) public and many private receivers.

We close this section by an example which shows that the inner-bound of Theorem 2.2 is not

tight in general.

Example 2.3. Consider the combination network depicted in Figure 2.6 over which a source

intends to communicate messages W1 = [w1,1] and W2 = [w2,1, w2,2, w2,3] (of rates R1 = 1 and

R2 = 3, respectively) to four public and three private receivers. In this example, destinations

1,2,3,4 are public and destinations 5,6,7 are private receivers. The encoding scheme which

is shown in Figure 2.6 proves achievability of rate pair (1,3). However if one uses Theorem

2.2, it becomes clear that there exists no set of αS , S ⊆ I1 = {1, . . . ,4}, for which inequalities

(2.22)-(2.26) all hold for rate pair (1,3), unless the non-negativity constraints in (2.22) get

relaxed. 4
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S

W1 = [w1,1]

W2 = [w2,1, w2,2, w2,3]

D1 D2 D3 D4 D5 D6 D7

X{1,2} X{1,3} X{1,4} X{2,3} X{2,4} X{3,4}

Figure 2.6: Innerbound of Theorem 2.2 is not tight for m > 3 public receivers: while rate
pair (1,3) is not within the rate-region of Theorem 2.2, assigning X{1,2} = w1,1 +w2,1, X{1,3} =
w1,1+w2,2, X{1,4} = w1,1+w2,1+w2,2, X{2,3} = w1,1+w2,3, X{2,4} = w1,1+w2,1+w2,3 and X{3,4} =
w1,1 +w2,2 −w2,3 achieves rate pairs (1,3).

Let us look at this example more closely. Consider the combination network of Figure 2.6. We

focus on the resources shown by bold red lines in Figure 2.6, which are all the resources that

are available to public receiver 4. Since public receiver 4 needs to decode (only) the common

message (which is of rate R1 = 1), no more than two dimensions of the private message could

be involved in its received linear combinations. Now observe that these three resources repeat

the exact same structure of Figure 2.5! To give an intuitive explanation on why our modified

encoding scheme is not optimal in this example and what difficulty is hidden in constructing

general optimal encoding schemes, let us look at the optimal code design for this channel.

X{1,2} = w1,1 +w2,1 (2.29)

X{1,3} = w1,1 +w2,2 (2.30)

X{1,4} = w1,1 +w2,1 +w2,2 (2.31)

X{2,3} = w1,1 +w2,3 (2.32)

X{2,4} = w1,1 +w2,1 +w2,3 (2.33)

X{3,4} = w1,1 +w2,2 −w2,3 (2.34)

Such a code ensures decodability of W1, w2,1, w2,2 at public receiver 1, decodability of W1, w2,1,

w2,3 at public receiver 2, decodability of W1, w2,2, w2,3 at public receiver 3, decodability of

W1, w2,1 +w2,2, w2,1 +w2,3 at public receiver 4 and decodability of W1,W2 at private receivers
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5,6,7. Now let us look at the (partial) private information that is revealed to different subsets

of public receivers. One can verify that the private information revealed to subsets {1,2,3,4},

{1,2,3}, {1,2,4}, {1,3,4}, and {2,3,4} is null, the private information revealed to {1,2} is w2,1, to

{1,3} is w2,2, to {2,3} is w2,3, to {1,4} is w2,1 +w2,2, to {2,4} is w2,1 +w2,3, to {3,4} is w2,2 −w2,3,

and finally to {1}, {2}, {3}, and {4} is null. Now, it becomes more clear that the dependency

structure that is needed among the partial private information may, in general, be more

involved, and the discussed simple pre-encoding is not capable of capturing it .

In the next section, we develop a simple block Markov encoding scheme to tackle Example 2.3,

and derive another achievable scheme for the general problem which seems more promising.

2.3 Block Markov Encoding Schemes

2.3.1 Main idea

We saw that the difficulty in the code design for the problem of nested two-message-set

broadcast stems mainly from the following tradeoff: On one hand, private receivers require

all the public and private information and therefore prefer to receive mutually independent

information on their resources. On the other hand, public receivers require that there is not

too much information about the private message over their available resources and therefore

impose a dependency.

The main idea in this section is to capture these dependencies over time, rather than capturing

it through the structure of the one-time code. For this, we use block Markov encoding schemes.

We start with some examples.

2.3.2 Examples

Let us first re-visit Example 2.2 and Example 2.3 of Section 2.2, where the zero-structured

linear code was not optimal.

Example 2.4. Consider the combination network in Figure 2.5 over which we want to achieve

rate pair (R1 = 0,R2 = 2). We saw that our zero-structured linear code was not capable of

achieving this rate pair. Let us add one resource to this combination network and connect it

to all the private receivers (i.e., we add it to the set Eφ). This gives an extended combination

network as in Figure 2.7, which differs from the original network only in Eφ (this resource set

is shown in Figure 2.7 by a thick line). One can verify that a larger rate pair, (R1 = 0,R ′
2 = 3), is

achievable over this extended network, using a zero structured linear code! We wonder if this

code design could help us achieve our desired rate pair (0,2) over the original network.

Let the message W ′
2 = [w ′

2,1, w ′
2,2, w ′

2,3] be a pseudo private message of larger rate (R ′
2 = 3)

which is to be communicated over the extended combination network, and let X{1}, X{2}, X{3},

Xφ be the signals that are sent over the extended combination network. One such set of signals
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is given as follows.

X{1} = w ′
2,1

X{2} = w ′
2,2

X{3} = w ′
2,3

Xφ = w ′
2,1 +w ′

2,2 +w ′
2,3

(2.35)

Since the resource edge of Eφ is a virtual resource, we aim to emulate it through a block Markov

encoding scheme. Consider a block of n transmissions, and let (W1[t ],W ′
2[t ]) be the message

pair to be communicated over the extended combination network at time slot t = 1, . . . ,n. We

see in the following how to achieve rate pair (R1 = 0,R2 = 2) over the original combination.

In the t th transmission, t = 1, . . . ,n−1, we send signals X{1}[t ], X{2}[t ], X{3}[t ] as suggested by

the optimal code design of (2.35). However, without the help of signal Xφ[t ] (which should be

carried to all private receivers by the virtual resource), one cannot conclude decodability of

any messages at the (private) receivers. To provide the private receivers with the information of

Xφ[t ], we include it among the three information symbols of the private message that should

be transmitted in the next transmission slot, t +1. In other words, while the code is designed

to support a private rate of R ′
2 = 3, we waste one of the information symbols at each time slot

to convey redundant information from previous time slot. At the nth transmission, we directly

communicate signal Xφ[n −1] (the content of the virtual resource at the n −1th transmission)

with all the private receivers.

After the n transmissions are completed, we perform backward decoding [83]. More precisely,

we start with decoding the message corresponding to time t = n, i.e., W ′
2[n], which contains

Xφ[n −1]. We then take one step backwards and decode the message corresponding to time

t = n −1, i.e., W ′
2[n −1]. Note that to decode W ′

2[n −1] we indeed need the information of

Xφ[n−1] which was supposedly given to us upon decoding W ′
2[n]. It is now clear that one can

do the same backward procedure to decode W ′
2[n −2],W ′

2[n −3], · · · ,W ′
2[1], respectively.

With this scheme, in n transmissions, we send 2∗(n−1)+1 new symbols of the private message

over the original combination network. Therefore, for n →∞, we achieve our desired rate pair

(R1 = 0,R2 = 2) over the original combination network. 4

Example 2.5. Consider the combination network in Figure 2.6. We saw in Example 2.3 that

rate pair (R1 = 1,R2 = 3) was not achievable by the zero-structured linear code, even after

employing the random pre-encoder in the the modified scheme. In this example, we achieve

rate pair (R1 = 1,R2 = 3) through a block Markov encoding scheme, and hence, show that block

Markov encoding scheme could perform strictly better. Let us first extend the combination

network by adding one resource to the set E{4}, and connecting it to all the private receivers

(Figure 2.8). One can verify that rate pair (R1 = 1,R ′
2 = 4) is achievable over this extended com-

bination network, using a zero-structured linear code. Let message W ′
2 = [w ′

2,1, w ′
2,2, w ′

2,3, w ′
2,4]

be the private message of larger rate (R ′
2 = 4) which is to be communicated over the extended
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S

W1[1], W1[2], . . . , W1[t ], W1[t +1] = []

W ′
2[1], W ′

2[2], . . . , W ′
2[t ], W ′

2[t +1] = [w ′
2,1[t +1], w ′

2,2[t +1], w ′
2,3[t +1]]

D1 D2 D3 D4 D5 D6

X{1}[t ] X{2}[t ] X{3}[t ] Xφ[t ]

Figure 2.7: The extended combination network of Example 2.4. A block Markov encoding
scheme allows achievability of rate pair (0,2) over the original combination network. At time
t +1, information symbol w ′t+1

2,3 contains the information of symbol X t
{φ}.

combination network, and let X{1,2}, X{1,3}, X{1,4}, X{2,3}, X{2,4}, X{3,4}, X{4} be the signals that

are sent over the extended combination network. One such set of signals is given as follows

(We assume that F| > 2).

X{1,2} = w1,1 +w ′
2,3 X{2,3} = w1,1 +2w ′

2,3

X{1,3} = 2w1,1 +w ′
2,3 X{2,4} = w1,1 +w ′

2,2

X{1,4} = w1,1 +w ′
2,1 X{3,4} = w1,1 +w ′

2,4

X{4} = w1,1 +w ′
2,1 +w ′

2,2 +w ′
2,4

(2.36)

Since the resource edge of E{4} is a virtual resource, we aim to emulate it through a block Markov

encoding scheme. Using the code design of (2.36), receiver 4 decodes, besides common

message w ′
1,1, the three information symbols w ′

2,1, w ′
2,2 and w ′

2,4. Since symbols w ′
2,1, w ′

2,2

and w ′
2,4 are ensured to be decoded at receiver 4 and all private receivers, any of them could

undertake the role of the virtual resource in E{4}.

More precisely, Consider a block of n transmissions, and let (W1[t ],W ′
2[t ]) be the message

pair that is to be communicated over the extended combination network at time t = 1, . . . ,n

and the information symbols of W ′
2[t ] be denoted by w ′

2,1[t ], w ′
2,2[t ], w ′

2,3[t ] and w ′
2,4[t ]. In

the t th transmission, t = 1, . . . ,n −1, we send signals X{1,2}[t ], . . . , X{3,4}[t ] as suggested by the

code design of (2.36). Without the help of signal X{4}[t ] which should be carried by the virtual

resource, one cannot conclude decodability of the messages at their intended receivers. To

provide receiver 4 and the private receivers with the information of X{4}[t ] (as promised by the

virtual resource in E{4}), we include it in the symbol w ′
2,4[t +1] of the private message which

is to be transmitted in the next transmission. Since this symbol is ensured to be decoded at

receiver 4 and the private receivers, it indeed emulates E{4}. At the nth transmission, we directly

communicate signal X{4}[n−1] (the content of the virtual resource at the n −1th transmission)
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S

W1[1], W1[2], . . . , W1[t ], W1[t +1] = [w1,1[t +1]]

W ′
2[1], W ′

2[2], . . . , W ′
2[t ], W ′

2[t +1] = [w ′
2,1[t +1], w ′

2,2[t +1], w ′
2,3[t +1], w ′t+1

2,4 [t +1]]

D1 D2 D3 D4 D5 D6 D7

X{1,2}[t] X{1,3}[t] X{1,4}[t] X{2,3}[t] X{2,4}[t] X{3,4}[t] X{4}[t]

Figure 2.8: The extended combination network of Example 2.5. A block Markov encoding
scheme allows achievability of rate pair (1,3) over the original combination network. At time
t +1, information symbol w ′t+1

2,4 contains the information of symbol X t
{4}.

with receiver 4 and the private receivers.

After the n transmissions are completed, we perform backward decoding. More precisely,

we start with decoding the message corresponding to time t = n, i.e., W ′
2[n], which contains

X{4}[n −1]. We then take one step backwards and decode the message corresponding to time

t = n −1, i.e., W ′
2[n −1]. Note that to decode W ′

2[n −1] we indeed need the information of

X{4}[n −1] which was supposedly given to us upon decoding W ′
2[n]. It is now clear that one

can do the same backward procedure to decode W ′
2[n −2],W ′

2[n −3], · · · ,W ′
2[1], respectively.

So in n transmissions, we send n −1 symbols of W1 and 3∗ (n −1)+1 new symbols of W2 over

the original combination network. Therefore, for n →∞, we achieve our desired rate pair (1,3)

over the original combination network. All receivers can decode their messages of interest

starting from the nth transmission.

4

2.3.3 Block Markov encoding schemes: an achievable region

In both examples 2.4 and 2.5, the achievability is through a block Markov encoding scheme,

and the construction of it is explained with the help of an extended combination network.

Before further explaining this construction, let us clarify what we mean by an extended

combination network.

33



Chapter 2. Broadcasting Nested Message Sets Over Combination-Network Channels

Definition 2.5 (Extended combination network). An extended combination network is formed

from the original combination network by adding some extra nodes, called virtual nodes, to

the intermediate layer. The source is connected to all of the virtual nodes through edges that we

call virtual resources. Each virtual resource is connected to a subset of the receivers to which we

refer as the end-destinations of that virtual resource. This subset is chosen, depending on the

structure of the original combination network and the target rate pair, through an optimization

problem that we will address later in this section.

Let us review the block Markov encoding scheme of Examples 2.4 and 2.5. The encoding is

such that to receive the common and private messages at time t , each receiver needs the

information that it will decode at time slot t +1. Recall that receivers performed backward

decoding [83]. From the source point of view, the code design at time slot t would then need

to take into account this extra information that will be available at time t +1 at each receiver.

In this sense, the source wants to design the information that it is sending on the resources of

the combination network at time t together with the information that the receiver will have at

time t +1 (and will use in the decoding). This extra information is captured through the virtual

resources of the extended combination network. In this regard, adding the virtual resources

and forming the extended combination network is arbitrary, as long as the source can emulate

them. Let us formally define what we mean by emulating the virtual resources.

Definition 2.6 (Emulatable virtual resources). Consider an extended combination network and

a general broadcast code over it. A virtual resource v is called emulatable if the broadcast code

is capable of reliably communicating at least one information symbol to all end-destinations of

that virtual resource. We call a set of virtual resources in V emulatable if they are all simultane-

ously emulatable by the broadcast code.

We now outline the steps in devising a block Markov encoding scheme for this problem.

1. Add a set of virtual resources to the original combination network to form an extended

combination network.

2. Design a (general) broadcast code over the extended combination network.

3. Use the broadcast code to make all virtual resources emulatable. More precisely, include

among the information symbols that are to be communicated at times slot t +1, the

content of the virtual resources at time slot t . Use the remaining information symbols,

not yet assigned to the virtual resources of the previous time slot t , to communicate the

common and the private messages.

An achievable rate-region could then be found by optimizing over the virtual resources, and

the broadcast code design. However, one immediately spots the second step to be suspect, as

it essentially asks for the solution to a general broadcast problem!
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Formulating this problem in its full generality is not the goal of this section. We instead aim to

take a simple block Markov encoding scheme, show its advantages in optimal code design, and

characterize a region achievable by it. To this end, and for the sake of simplicity, we confine

ourselves to the following two assumptions.

(i) All virtual resources are connected to all private receivers, and different subsets of the

public receivers. We denote the set of all virtual resources by V . For a set S ⊆ I1, we

denote by VS ⊆ V the set of virtual resources that are connected to all private receivers

and all public receivers in S ⊆ I1 (and not to any other public receivers).

(ii) The broadcast code design that we consider over the extended combination network is

a simple linear superposition broadcast code.

In order to devise our simple block Markov encoding scheme, let us, in the first step, create

an extended combination network by adding for every S ⊆ I1, βS many virtual resources VS .

Over this extended combination network, we then design a (more general) broadcast code

as follows. We say that a broadcast code achieves rate tuple (R1,α{1,...,m}, . . . ,αφ) over the

extended combination network, if it reliably communicates a common message W ′
1 (of rate

R1) to all receivers, and messages W ′S
2 of rates αS , S ⊆ I1, to all public receivers in S and all

private receivers.

To design such a broadcast code, we use a linear superposition coding scheme similar to that

of Subsection 2.2.2. It is easy to see from Subsection 2.2.2 (and in particular Remark 2.2) that

rate tuple (R1,α{1,...,m}, . . . ,αφ) is achievable if we have the following inequalities.

Structural constraints

αS ≥ 0 ∀S ⊆ I1 (2.37)

Decodability constraints at public receiver i ∈ I1∑
S⊆I1
S3i

αS ≤ ∑
S∈T

αS +
∑

S∈T c

S3i

(|ES |+βS
) ∀T ⊆ {{i }?} superset saturated (2.38)

R1 +
∑

S⊆I1
S3i

αS ≤ ∑
S⊆I1
S3i

(|ES |+βS
)

(2.39)

Decodability constraints at private receiver p ∈ I1

R ′
2 ≤

∑
S∈T

αS +
∑

S∈T c

(|E p
S |+βS

) ∀T ⊆ 2I1 superset saturated (2.40)

R1 +R ′
2 ≤

∑
S⊆I1

(|E p
S |+βS

)
(2.41)

Now, given such a broadcast code, Lemma 2.6 provides conditions for the virtual resources to

be emulatable.

Lemma 2.6. Given an extended combination network with βS virtual resources VS , S ⊆ I1, and
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βφ︷ ︸︸ ︷
Virtual resources

Information symbols

β{1}︷︸︸︷ β{2}︷ ︸︸ ︷ β{1,2}︷︸︸︷

αφ
︸︷︷︸

α{2}

︸ ︷︷ ︸
α{1}

︸︷︷︸
α{1,2}

︸ ︷︷ ︸
(a) The bi-partite graph between virtual resources
and decodable information symbols.

A

B

(b) The equivalent unicast information flow prob-
lem.

Figure 2.9: The virtual resources are emulatable if there exists a matching of size
∑

S⊆I1
βS

between the virtual resources and the information symbols that can emulate them.

a broadcast code design that achieves rate tuple (R1,α{1,...,m}, . . . ,αφ), all virtual resources are

emulatable provided that inequalities in (2.42) hold.

∑
S∈T

βS ≤ ∑
S∈T

αS ∀T ⊆ 2I1 superset saturated (2.42)

Proof. Each virtual resource v ∈ VS can be emulated by one information symbol from any

of the messages that are destined to all end-destinations of v ; i.e., all messages W ′T
2 , where

T ⊇ S. Therefore, all resources are emulatable if there exists a matching of size
∑

S⊆I1
βS over

the bipartite graph of Figure 2.9a. It is well-known that there exists such a matching if and

only if a flow of amount
∑

S⊆I1
βS could be sent over the virtual network of Figure 2.9b from

source node A to sink node B . The min-cut separating nodes A and B is given by the following

expression (see the proof of Lemma 2.4).

min
∀S⊆I1

T has prefix property

∑
S∈T

αS +
∑

S∈T c

βS (2.43)

It is easy to see that the flow value,
∑

S⊆I1
βS , is no more than this term provided that inequal-

ities in (2.42) hold and, therefore, there is an assignment of information symbols to virtual

resources so that all virtual resources are emulatable.

Lemma 2.6 finds sufficient conditions under which the virtual resources are emulatable, given
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a broadcast code that achieves rate tuple (R1,α{1,...,m}, . . . ,αφ). It remains to characterize the

common and private achievable rates over the original combination network, using our simple

block Markov encoding scheme. To do so, we disregard the information symbols that are

assigned to virtual resources, for they bring redundant information, and characterize the

remaining rate of the common and private information symbols. In the above scheme, this

is simply (R1,R ′
2 −

∑
S⊆I1

βS), where R ′
2 =

∑
S⊆I1

αS and the real valued parameters αS and βS

satisfy inequalities (2.42) and (2.37)-(2.41) and the following non-negativity constraint on βS .

βS ≥ 0 (2.44)

We have therefore characterized a rate-region achievable by our simple block Markov encoding

scheme. To simplify the representation, we first define

γS =αS −βS , ∀S ⊆ I1, (2.45)

and then eliminate α’s and β’s from inequalities (2.42) , (2.37)-(2.44). We thus reach to the

following theorem.

Theorem 2.3. Consider a combination network with many public receivers (indexed within set

I1) and many private receivers (indexed within set I2). Rate pair (R1,R2) is achievable if there

exist parameters γS , S ⊆ I1, that they satisfy the following inequalities.

Encoding constraints∑
S∈T

γS ≥ 0 ∀T ⊆ 2I1 superset saturated (2.46)

R2 =
∑

S⊆I1

γS (2.47)

Decodability constraints at public receiver i ∈ I1∑
S⊆I1
S3i

γS ≤ ∑
S∈T

γS +
∑

S∈T c

S3i

|ES | ∀T ⊆ {{i }?} superset saturated (2.48)

R1 +
∑

S⊆I1
S3i

γS ≤ ∑
S⊆I1
S3i

|ES | (2.49)

Decodability constraints at private receiver p ∈ I1

R2 ≤
∑

S∈T

γS +
∑

S∈T c

|E p
S | ∀T ⊆ 2I1 superset saturated (2.50)

R1 +R2 ≤
∑

S⊆I1

|E p
S |. (2.51)

Remark 2.4. Comparing the rate-regions of Theorem 2.2 and Theorem 2.3, one sees that the

latter has a relaxed set of non-negativity constraints in (2.46) but a more restrictive set of

decodability constraints in (2.48) and (2.49) while the former has a more restrictive set of non-
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negativity constraints in (2.22) but has a relaxed set of decodability constraints in (2.24). For the

case where I1 = {1,2,3}, the two regions both turn out to be the capacity region and, therefore,

coincide (see Theorem 2.5 and Theorem 2.6). Example 2.3, however, shows an example with

I1 = {1,2,3,4} and I2 = {5,6,7} where rate-region of Theorem 2.3 is not contained in that of

Theorem 2.2, and this shows potentials of the block Markov encoding scheme.

2.4 Optimality Results

In this Section, we prove optimality results. More precisely, we prove optimality of the zero-

structured encoding scheme of Subsection 2.2.2 when m = 2, optimality of the modified

encoding scheme of Subsection 2.2.3 when m = 3 (or fewer), and optimality of the block

Markov encoding of Section 2.3 when m = 3 (or fewer). This is summarized in the following

theorems.

Theorem 2.4. Over a combination network with m = 2 public and many private receivers, any

achievable rate pair lies in the rate-region of Theorem 2.1 (for I1 = {1,2}, I2 = {3, . . . ,K }).

Theorem 2.5. Over a combination network with m = 3 public and many private receivers, any

achievable rate pair lies in the rate-region of Theorem 2.2 (for I1 = {1,2,3}, I2 = {4, . . . ,K }).

Theorem 2.6. Over a combination network with m = 3 public and many private receivers, any

achievable rate pair lies in the rate-region of Theorem 2.3 (for I1 = {1,2,3}, I2 = {4, . . . ,K }).

To investigate different techniques, we prove each theorem using a different technique.

2.4.1 Explicit projection of the polyhedron: proof of Theorem 2.4

Theorem 2.4 gives an outer-bound on the rate-region that matches the inner-bound of The-

orem 2.1 when m = 2. To prove this theorem, we first eliminate all parameters αS , S ⊆ I1, in

rate-region of Theorem 2.1, using Fourier-Motzkin elimination method and we obtain the

following region (recall that I1 = {1,2} and I2 = {3, . . . ,K }).

R1 ≤ min
(|E{1}|+ |E{1,2}|, |E{2}|+ |E{1,2}|

)
(2.52)

R1 +R2 ≤ min
p∈I2

{
|E p

φ
|+ |E p

{1}|+ |E p
{2}|+ |E p

{1,2}|
}

(2.53)

2R1 +R2 ≤ min
p∈I2

{
|E{1}|+2|E{1,2}|+ |E{2}|+ |E p

φ
|
}

(2.54)

We now prove the converse; i.e., any achievable rate pair satisfies the three inequalities above.

Inequalities (2.52) and (2.53) are intuitive (using cut-set bounds) and are easy to derive. In-

equality (2.54) is, however, not immediate and we prove it in the following. An interpretation of

this bound (in terms of the cuts on the network) is given in Chapter 5. Assume communication

over blocks of length n, and denote by X̄ , the collection of signals X within the communication
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block length. Let ε> 0 be arbitrarily chosen. Then, R2 is bounded as follows for each private

receiver p ∈ I2.

nR2 ≤ H(W2|W1)

≤ H(W2|W1)±H(W2|W1, Ȳp )
(a)≤ I (W2; Ȳp |W1)+nε

≤ H(Ȳp |W1)+nε
(b)≤ H(X̄ p

{{},{1},{2}{1,2}}, X̄{{1},{2},{1,2}}|W1)+nε

≤ H(X̄{{1},{1,2}}|W1)+H(X̄{{2},{1,2}}|W1)+H(X̄ p
{{},{1},{2}{1,2}}|X̄{{1},{2},{1,2}},W1)+nε

(c)≤ H(X̄{{1},{1,2}})+H(X̄{{2},{1,2}})−2nR1 +H(X̄ p
{{},{1},{2}{1,2}}|X̄{{1},{2},{1,2}},W1)+3nε

(d)≤ H(X̄{{1},{1,2}})+H(X̄{{2},{1,2}})−2nR1 +H(X̄ p
φ

)+3nε

(e)≤ n(|E{1}|+ |E{1,2}|)+n(|E{2}|+ |E{1,2}|)−2R1 +n(|E p
φ
|)+3nε

In the above chain of inequalities, step (a) follows by Fano’s inequality. Step (b) follows because

received signal Ȳp is given by the union X̄ p
{{},{1},{2}{1,2}} and we further provide the entropy term

with the information of signals X̄{1,2},X̄{1},X̄{1}. Step (c) follows by Fano’s inequality because

for any achievable code, messageW1 should be decodable from X̄{{1},{1,2}} or X̄{{1},{1,2}}. More

precisely, we have the following bound.

H(X̄{{1},{1,2}}|W1) = H(X̄{{1},{1,2}},W1)−nR1 (2.55)

= H(X̄{{1},{1,2}})+H(W1|X̄{{1},{1,2}})−nR1 (2.56)

≤ H(X̄{{1},{1,2}})+nε−nR1 (2.57)

Similarly, H(X̄{{2},{1,2}}|W1) ≤ H(X̄{{2},{1,2}})−nR1 +nε. Step (d) follows by the fact that for any

S ⊆ I1, X̄ p
S is contained in X̄S (by definition) and the fact that by by removing the conditioning

in the entropy term, we increase it. Finally, step (e) follows by the cardinality bound on the

entropy.

2.4.2 Sub-modularity of the entropy function: proof of Theorem 2.5

While it was not difficult to eliminate all parameters αS , S ⊆ I1, from the rate-region characteri-

zation when m = 2, this becomes a tedious task when the number of public receivers increases.

In this section, we prove Theorem 2.5, which gives an outer-bound on the rate-region that

matches the inner-bound of Theorem 2.3 when m = 3. We bypass the issue of explicitly elimi-

nating all parameters αS , S ⊆ I1, by first proving an outer-bound which looks similar to the

inner-bound and then using sub-modularity to conclude the proof.
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We start with an example.

Example 2.6. Consider the combination network of Figure 2.10, where receivers 1,2,3 are

public and receivers 4,5 are private receivers. We ask if the rate pair (R1 = 1,R2 = 2) is achiev-

able over this network. To answer this question, let us first see if this rate pair is within the

inner-bound of Theorem 2.2. By solving the feasibility problem defined in inequalities (2.22)-

(2.26), using Fourier-Motzkin elimination method, one obtains the following inner-bound

inequality, and concludes that the rate pair (1,2) is not within the inner-bound of Theorem 2.2.

4R1 +2R2 ≤ 7. (2.58)

Once this is established, one can also answer to the following question: what linear combi-

nation of inequalities in (2.22)-(2.26) gave rise to the inner-bound inequality in (2.58)? The

answer is that summing two copies of constraint (2.24) (for i = 1), one copy of constraint

(2.24) (for i = 2), one copy of constraint (2.24) (for i = 3), one copy of constraint (2.25) (for

T = {{1}?, {2,3}?}), one copy of constraint (2.25) (for T = {{1}?, {2}?, {3}?}), and finally one

copy of non-negativity constraint (2.22) (for S = {1,2,3}) gives rise to 4R1 +2R2 ≤ 7.

We now write the following upper-bounds on R1 and R2 (which we prove in details in Sub-

section 2.4.2.2). Notice the similarity of each outer-bound constraint in (2.59)-(2.64) to an

inner-bound constraint that played role in derivation of 4R1 +2R2 ≤ 7.

R1 + 1

n
H(X̄{{1}?}|W1) ≤ 1 (2.59)

R1 + 1

n
H(X̄{{2}?}|W1) ≤ 2 (2.60)

R1 + 1

n
H(X̄{{3}?}|W1) ≤ 2 (2.61)

R2 ≤ 1

n
H(X̄{{1}?,{2,3}?}|W1)+1 (2.62)

R2 ≤ 1

n
H(X̄{{1}?,{2}?,{3}?}|W1) (2.63)

0 ≤ 1

n
H(X̄{1,2,3}|W1) (2.64)

Take similar copies of these outer-bound constraints and sum them up to yield an outer-bound

inequality of the following form. Note that among all resources only Eφ, E{1}, E{2}, E{3}, E{2,3}

are non-empty.

4R1 +2R2 ≤ 7− 1

n

(
2H(X̄{1}|W1)+H(X̄{2}, X̄{2,3}|W1)+H(X̄{2,3}, X̄{3}|W1)

−H(X̄{1}, X̄{2,3}|W1)−H(X̄{1}, X̄{3}, X̄{2,3}, X̄{2}|W1)

)
(2.65)

(a)≤ 7, (2.66)
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S

D1 D2 D3 D4 D5

E{1}E{2,3} E{2} E{3} Eφ

Figure 2.10: Is rate pair (1,2) achievable over this combination network?

where (a) holds by sub-modularity. 4

The intuition from Example 2.6 gives us a method to prove the converse of Theorem 2.2 (for

m = 3). Before presenting the proof, let us introduce a few techniques, as it may not be clear

how sub-modularity could be used in its generality.

2.4.2.1 Sub-modularity lemmas

We adopt some definitions and results from [7] and prove a lemma that takes the central role

of the converse proof in Subsection 2.4.2.2.

Let [M] be a family of multi-sets of subsets of elements {1, . . . , N }. Given a multi-set A =
{A1, . . . , Al } ∈ [M], let multi-set A′ be obtained from A by replacing Ai and A j by Ai ∩ A j

and Ai ∪ A j . Multi-set A′ is then said to be an elementary compression of A. The elementary

compression is, in particular, non-trivial if neither Ai ⊆ A j nor A j ⊆ Ai . A sequence of

elementary compressions gives a compression. A partial order ≥ is defined over [M] as follows.

A≥B if B is a compression of A (= iff the compression is composed of all trivial elementary

compressions). Let X = (Xi )N
1 be a sequence of random variables with H(X ) finite and let A

and B be finite multi-sets of subsets of {1, . . . , N } such that A≥B. A simple consequence of

the sub-modularity of the entropy function is that
∑

A∈A H(X A) ≥∑
B∈B H(XB ) [7, Theorem 5].

In this context, we consider [M] to be a family of multi-sets of subsets of 2I1 , where I1 = {1,2,3}.

We denote multi-sets by bold calligraphic capital letters (e.g., A and B), subsets of 2I1 by

calligraphic capital letters (e.g., Ai , S and T ), and elements of 2I1 by capital letters (e.g., S

and T ). We define multi-sets of saturated pattern and multi-sets of standard pattern as follows.

Definition 2.7 (Multiset of (superset) saturated pattern). A multi-set (of subsets of 2I1 ) is said

to be of (superset) saturated pattern if all its elements are superset saturated. E.g., we have that

multi-sets [{{1}, {1,2}, {1,3}, {1,2,3}}] and [{{1}, {1,2}, {1,3}, {1,2,3}}, {{2,3}, {1,2,3}}] are both of sat-
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{{1}} {{1}}

{{2}, {2,3}} {{3}, {2,3}}

(a) Graph GA

{{1}} {{1}, {2}, {2,3}}

φ {{3}, {2,3}}

(b) Graph GA′

{{1}} {{1}, {2}, {2,3}, {3}}

φ {{2,3}}

(c) Graph GA′′

{{1}, {2,3}} {{1}, {2}, {2,3}, {3}}

φ φ

(d) Graph GB

Figure 2.11: Graphs associated to multisets A, A′, A′′, B obtained through the compression
that is performed in inequalities (2.67)-(2.70).

urated pattern, but not [{{2}, {1,2}, {1,2,3}}] and [{{1}, {2}, {1,2}, {1,3}, {2,3}, {1,2,3}}, {{1}, {1,2}}].

Definition 2.8 (Multi-set of standard pattern). A multi-set (of subsets of 2I1 ) is said to be

of standard pattern if its elements are all of the form {S ⊆ I1 : S 3 i }, for some i ∈ I1. E.g.,

[{{1}, {1,2}, {1,3}, {1,2,3}}] and [{{1}, {1,2}, {1,3}, {1,2,3}}, {{2}, {1,2}, {2,3}, {1,2,3}}] are both multi-

sets of standard pattern, but not [{{1,2}, {1,2,3}}] and [{{1}, {2}, {1,2}, {1,3}, {2,3}, {1,2,3}}].

We say that multi-sets A and B are balanced if
∑

T ∈A 1S∈T =∑
T ∈B 1S∈T , for all sets S ∈ 2I1 .

One observes that (i) multi-sets of standard pattern are also of saturated pattern, (ii) The set

of all multi-sets of saturated pattern is closed under compression, and (iii) if multi-set B is a

compression of multi-set A, then they are balanced.

Let us look at step (b) in inequality (2.66) in this formulation. Let [M] be a family of multi-

sets of subsets of 2{1,2,3}. Consider multi-set A= [{{1}}, {{1}}, {{2}, {2,3}}, {{3}, {2,3}}]. After the

following non-trivial elementary compressions, multi-set B= [{{1}, {2,3}}, {{1}, {2}, {3}, {2,3}}]

is obtained.

A = [{{1}}, {{1}}, {{2}, {2,3}}, {{3}, {2,3}}] (2.67)

≥ [{{1}}, {{1}, {2}, {2,3}}, {{3}, {2,3}}] =A′ (2.68)

≥ [{{1}}, {{1}, {2}, {3}, {2,3}}, {{2,3}}] =A′′ (2.69)

≥ [{{1}, {2,3}}, {{1}, {2}, {3}, {2,3}}] =B (2.70)

Therefore, A≥B and
∑

T ∈A H (X̄T |W1) ≥∑
T ∈B H (X̄T |W1). Thus, step (a) of inequality (2.66)

follows.

Here, we develop an alternative visual tool. Associate a graph GA to multi-set A. Each node

of this graph represents one set in multi-set A, and is labeled by it. Two nodes are connected

by an edge if and only if none is a subset of the other. Each time an elementary compression

is performed on multi-set A, a compressed multi-set A′ (with a new graph associated to it)

is created. E.g., graphs associated to multi-sets A, A′, A′′, and B (which are all defined in

inequalities (2.67)-(2.70)) are shown in Figure 2.11.
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For such (associated) graphs, we prove that compression reduces the total number of edges in

the graph.

Lemma 2.7. Let GA denote the graph associated to multi-set A and GB denote the graph

associated to multi-set B. Provided that B<A, the total number of edges of graph GB is strictly

smaller than that of graph GA.

Proof. We prove that a non-trivial elementary compression over multi-set A strictly reduces

the total number of edges in the associated graph. Assume that a non-trivial compression

over multi-set A yields a compressed multi-set A′, and the compression is performed using

two sets Ai and A j . Consider the nodes associated with these two sets and trace, throughout

the compression, all edges that connect them to other node of the associated graph. Let Ak

(6=Ai ,A j ) be an arbitrary node of the associated graph. We first show that for any such node,

the total number of edges connecting it to Ai and A j does not increase after compression.

This is summarized in the following.

• There is an edge (Ai ,Ak ) and an edge (A j ,Ak ): In this case, no matter what the resulting

graph GA′ is after the compression, there cannot be more than two edges connecting

Ak to Ai and A j .

• There is an edge (Ai ,Ak ) but there is no edge (A j ,Ak ): Since there is no edge between

A j and Ak , one of them is a subset of the other.

1. If A j ⊆ Ak , then Ai ∩A j ⊆ Ak and there is, therefore, no edge between Ak and

Ai ∩A j after the compression.

2. If otherwise A j ⊇Ak , then Ai ∪A j ⊇Ak and there is, therefore, no edge between

Ak and Ai ∪A j after the compression.

• There is no edge (Ai ,Ak ) but an edge (A j ,Ak ): This case is similar to the previous case.

• There is neither an edge (Ai ,Ak ) nor an edge (A j ,Ak ): In this case, we have either of

the following possibilities.

1. If Ai ⊆Ak and A j ⊆Ak , then both Ai ∪A j and Ai ∩A j are subsets of Ak and there

is no edge connecting Ak to Ai ∩A j or Ai ∪A j over GA′ , after the compression.

2. If Ai ⊆Ak and A j ⊇Ak , then Ai ∪A j ⊇Ak and Ai ∩A j ⊆Ak and there is, there-

fore, no edge connecting Ak to Ai ∩A j or Ai ∪A j over graph GA′ , after the

compression.

3. If Ai ⊇Ak and A j ⊆Ak , then similar to the previous case one concludes that there

is no edge connecting Ak to Ai ∩A j or Ai ∪A j over graph GA′ .

4. If Ai ⊇Ak and A j ⊇Ak , then both Ai ∪A j and Ai ∩A j are supersets of Ak and

there is, therefore, no edge connecting Ak to Ai ∩A j or Ai ∪A j over graph GA′ .
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Multiset B Multiset Q>B[
. . . ,

{
{i , j }?

}
,
{
{i }?, { j }?

}
, . . .

] [
. . . , {{i }?} ,

{
{ j }?

}
, . . .

]
[

. . . , {{1,2,3}} ,
{
{i , j }?, {i ,k}?

}
, . . .

] [
. . . , {{i }?} ,

{
{ j ,k}?

}
, . . .

]
[

. . . , {{1,2,3}?} ,
{
{i , j }?, {i ,k}?, { j ,k}?

}
, . . .

] [
. . . ,

{
{i , j }?

}
, {{i ,k}?} , . . .

]
[

. . . , {{1}?, {2}?, {3}?} ,
{
{i }?, { j ,k}?

}
, . . .

] [
. . . ,

{
{i }?, { j }?

}
, {{i }?, {k}?} , . . .

]
[

. . . , {{1}?, {2}?, {3}?} ,
{
{i , j }?, {i ,k}?

}
, . . .

] [
. . . , {{i }?} ,

{
{ j }?, {k}?

}
, . . .

]
[

. . . , {{1}?, {2}?, {3}?} ,
{
{i , j }?, {i ,k}?, { j ,k}?

}
, . . .

] [
. . . ,

{
{i }?, { j }?

}
,
{
{k}?, {i , j }?

}
, . . .

]
Figure 2.12: Non-trivial elementary decompressions for multi-sets of subsets of 2{1,2,3}. Here,
(i , j ,k) is a permutation of (1,2,3).

Furthermore, since the compression is non-trivial, nodes Ai and A j have been connected

over graph GA and are no longer connected over graph GA′ . So, the total number of edges in

graph GA is strictly smaller than GA, and this concludes the proof.

Define a (non-trivial) decompression as the inverse act of a (non-trivial) compression. As

opposed to compression, a non-trivial decompression is not always possible using every two

elements of a multi-set B. It is, indeed, not clear whether a multi-set B is decompressable at

all . For example, multi-set [{{2,3}, {1,2,3}}, {{1}, {2}, {1,2}, {1,3}, {2,3}, {1,2,3}}] cannot be non-

trivially decompressed; i.e., there exists no multi-set A such that

A> [{{2,3}, {1,2,3}}, {{1}, {2}, {1,2}, {1,3}, {2,3}, {1,2,3}}]. (2.71)

The table in Figure 2.12 gives a list of some non-trivial elementary decompressions for multi-

sets of subsets of 2{1,2,3}.

Although not all multi-sets are decompressable, Lemma 2.8 below identifies a class of multi-

sets of subsets of 2{1,2,3} that are decompressable.

Lemma 2.8. Let B and A be multi-sets of subsets of 2{1,2,3}, where B is of saturated pattern and

A is of standard pattern. If B and A are balanced, then a non-trivial elementary decompression

could be performed over multi-set B unless B=A.

Proof. The proof is by showing that for any multi-set B with the stated assumptions, at least

one of the non-trivial elementary decompressions in Table 2.12 is doable. This is done by

double counting (once in B and once in A) the number of times each subset S ∈ 2{1,2,3} appears

in multi-set B, and showing that no matter what B and A are, at least one of the cases of Table

2.12 occurs. We defer details of this proof to Appendix 2.B.

Lemma 2.8 shows that a multi-set B of saturated pattern, which is balanced with a multi-set
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A of standard pattern, can be non-trivially decompressed. Let the result of this non-trivial

elementary decompression be multi-set Q. Since the decompressed multi-set Q is, itself, of

saturated pattern and remains balanced with multi-set A, one can continue decompressing it

using Lemma 2.8 as long as Q 6=A. This, either ends in an infinite loop, or ends in Q=A; and

the former is ensured not to happen, by Lemma 2.7. Thus, we arrive at the following lemma.

Lemma 2.9. Let B and A be multi-sets of subsets of 2{1,2,3}, where B is of saturated pattern

and A is of standard pattern. If B and A are balanced, then B can be decompressed to A; i.e.,

A≥B.

2.4.2.2 The converse proof

With these tools in hand, we are now ready to prove Theorem 2.5 which provides a matching

outer-bound to the rate-region of Theorem 2.2, when there are three public and many private

receivers. The key to proving the converse is the following lemma which we only state here

and we defer its proof to Appendix 2.C.

Lemma 2.10. Consider the rate-region characterization in Theorem 2.2 (where I1 = {1,2,3} and

I2 = {4, . . . ,K }). The constraints given by inequality (2.22) in Theorem 2.2 can be replaced by

(2.72) given below, without affecting the rate-region.

∑
S∈T

αS ≥ 0, ∀T ⊆ 2I subset saturated (2.72)

By Lemma 2.10, the rate-region of Theorem 2.2 is equivalently given by constraints (2.72),

(2.23)-(2.26). We start with finding an outer-bound which looks similar to the inner-bound.

Lemma 2.11. Any achievable rate pair (R1,R2) satisfies outer-bound constraints (2.73)-(2.76)

for any given ε> 0.

1

n
H(X̄T |W1) ≥ 0 ∀T ⊆ 2I1 superset saturated (2.73)

R1 + 1

n
H(X̄{{i }?}|W1) ≤ ∑

S∈{{i }?}
|ES |+ε ∀i ∈ I1 (2.74)

R2 ≤ 1

n
H(X̄T |W1)+ ∑

S∈T c

|E p
S |+ε ∀T ⊆ 2I1 superset saturated, ∀p ∈ I2 (2.75)

R1 +R2 ≤
∑

S⊆I1

|E p
S |+ε ∀p ∈ I2 (2.76)

Notice the similarity of inequalities (2.73), (2.74), (2.75), (2.76) with constraints (2.72), (2.24),

(2.25), (2.26), respectively. We provide no similar outer-bound for the inner-bound constraint

(2.23) because it is redundant4.
4This inequality is redundant because it is the only inequality that contains the free variable αφ.
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Proof. Inequalities (2.73) hold by positivity of the entropy function. To show inequalities in

(2.74), we bound R1 for each public receiver i ∈ I1 as follows.

nR1 ≤ H(W1) (2.77)

≤ H(W1)±H(W1|Ȳi ) (2.78)
(a)≤ I (W1; Ȳi )+nε (2.79)

= I (W1; X̄{{i }?})+nε (2.80)

= H(X̄{{i }?})−H(X̄{{i }?}|W1)+nε (2.81)
(b)≤ n(

∑
S∈{{i }?}

|ES |)−H(X̄{{i }?}|W1)+nε (2.82)

In the above chain of inequalities, (a) follows by Fano’s inequality and (b) follows by cardinality

bound of the entropy. In a similar manner for each private receiver p we have the following

bound on nR1 +nR2, which proves inequality (2.76).

nR1 +nR2 ≤ H(W1,W2) (2.83)

≤ I (W1,W2; X̄{{}?})+nε (2.84)

≤ H(X̄ p
{{}?})+nε (2.85)

≤ n(
∑

S∈{{p}?}
|E p

S |)+nε (2.86)

Finally, we bound R2 to obtain inequalities in (2.75). In the following, we have p ∈ I2, T ⊆ 2I1 ,

and ε> 0.

nR2 ≤ H(W2|W1) (2.87)

≤ H(W2|W1)±H(W2|W1, Ȳp ) (2.88)
(a)≤ I (W2; Ȳp |W1)+nε (2.89)

≤ I (W2; X̄ p
{{}?}|W1)+nε (2.90)

≤ H(X̄ p
{{}?}|W1)+nε (2.91)

(b)≤ H(X̄ p
{{}?}, X̄T |W1)+nε (2.92)

≤ H(X̄T |W1)+H(X̄ p
{{}?}|X̄T ,W1)+nε (2.93)

(c)≤ H(X̄T |W1)+H(X̄ p
T c )+nε (2.94)

(d)≤ H(X̄T |W1)+n(
∑

S∈T c

|E p
S |)+nε (2.95)

In the above chain of inequalities, step (a) follows by Fano’s inequality. Step (b) holds for any

subset T ⊆ 2I1 and in particular subsets which are superset saturated. Step (c) follows because

we remove the conditioning in the entropy term and increase the right hand side. Step (d)
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follows by cardinality bound on entropy.

The rate-region of Theorem 2.2 can be obtained explicitly by applying Fourier-Motzkin elimina-

tion method to (2.72), (2.24)-(2.26) to eliminate parameters αS . This gives a set of inequalities

of the form m1R1 +m2R2 ≤ E , each obtained by summing potentially multiple copies of con-

straints (2.72), (2.24)-(2.26), so that all variables αS , S ⊆ I1, get eliminated. To show a converse

for each such inner-bound inequality, m1R1 +m2R2 ≤ E , take copies of the corresponding

outer-bound constraints (2.73)-(2.76) and sum them up to yield an outer-bound inequality of

the form

m1R1 +m2R2 + 1

n

∑
T ∈A

H(X̄T |W1)

≤ E + 1

n

∑
T ∈B

H(X̄T |W1), (2.96)

where A is a multi-set of standard pattern and B is a multi-set of saturated pattern, both

consisting of subsets of 2I1 where I1 = {1,2,3}. Notice that A and B are balanced since Fourier-

Motzkin elimination ensures that all the αS ’s are eliminated. So by Lemma 2.9, B ≤A and

therefore,

∑
T ∈B

H(X̄T |W1) ≤ ∑
T ∈A

H(X̄T |W1). (2.97)

Using inequaity (2.97) in the outer-bound inequality (2.96) concludes the converse to m1R1 +
m2R2 ≤ E .

Remark 2.5. Note that Lemma 2.8, Lemma 2.9, and Lemma 2.10 are valid only for m ≤ 3, and

Lemma 2.11 holds in general.

Remark 2.6. The following example serves as a counter example for Lemma 2.8 when m > 3.

Let B and A be multi-sets of subsets of 2{1,2,3,4}, as follows.

B= [{{1}? {2}? {3}? {4}?}, {{1,2}? {1,3}? {2,4}}, {{1,4}? {2,3}? {3,4}?}, {{1,2,3,4}}]

A= [{{1}?}, {{2}?}, {{3}?}, {{4}?}]

It is easy to see that B is of saturated pattern, A is of standard pattern, and they are balanced.

Nevertheless, no elementary decompression could be performed over multi-set B.
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2.4.3 A feasible solution: proof of Theorem 2.6

Theorem 2.6 proves optimality of the block Markov encoding scheme (described in Subsection

2.3) for the case of m = 3 public and many private receivers, by finding a matching outer-

bound to the rate-region of Theorem 2.3. Rate region of Theorem 2.3 is characterized in

terms of a feasibility problem. To prove the converse when m = 3, we find a solution to the

feasibility problem of Theorem 2.3. More precisely, let (R1,R2) be an achievable rate pair within

a transmission block of length n. There exists, therefore, an encoding of messages W1,W2 into

signals X̄S , S ⊆ I1 such that all receivers reliably get their messages of interest. Given such

a code, we find a solution to the feasibility problem of Theorem 2.3 when I1 = {1,2,3} and

I2 = {4, . . . ,K }. We start with the following lemma.

Lemma 2.12. A set of parameters γS , S ⊆ I1, satisfies all inner-bound constraints (2.46)-(2.51)

provided that the following inequalities hold.

∑
S∈T

γS ≥ 1

n
H(X̄T |W1) ∀T ⊆ 2I1 superset saturated (2.98)

∑
S∈{{i }?}

γS = 1

n
H(X̄{{i }?}|W1) ∀i ∈ I1 (2.99)∑

S⊆I1

γS = R2 (2.100)

Proof. We prove satisfiability of all inner-bound constraints (2.46)-(2.51). First of all note that

Inequalities in (2.46) all hold because of (2.98) and positivity of entropy. Also, Equation (2.47)

follows by (2.100). To prove inequalities in (2.48), we proceed as follows.

∑
S∈{{i }?}

γS = 1

n
H(X̄{{i }?}|W1)

≤ 1

n
H(X̄T |W1)+ 1

n
H(X̄{{i }?}|W1, X̄T )+ε where T ⊆ {{i }?} superset saturated

(a)≤ ∑
S∈T

γS + 1

n
H(X̄({{i }?}\T ))+ε

≤ ∑
S∈T

γS +
∑

S∈T c

S3i

|ES |+ε

In the above chain of inequalities, step (a) follows by inequality (2.98). To prove inequality

(2.49), we bound R1 as we did in the previous subsection; i.e., given any ε> 0, we have

nR1
(a)≤ n

∑
S∈{{i }?}

|ES |−H(X̄{{i }?}|W1)+nε (2.101)

(b)≤ n
∑

S∈{{i }?}
|ES |−n

∑
S∈{{i }?}

γS +nε, (2.102)
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where (a) follows from outer-bound inequality (2.82) and (b) follows by equation (2.99). Sim-

ilarly, we prove inequality (2.50) by bounding R2 as we did in the previous subsection; i.e.,

given any ε> 0, we have

nR2
(a)≤ H(X̄T |W1)+n

∑
S∈T c

|E p
S |+nε (2.103)

(b)≤ n
∑

S∈T

γS +n
∑

S∈T c

|E p
S |+nε, (2.104)

where (a) follows from outer-bound inequality (2.95) and (b) follows by equation (2.98). Finally,

(2.51) follows from outer-bound inequality (2.86)

Now, let I1 = {1,2,3} and set parameters γ{1,2,3},. . ., γφ as follows, where β is indeterminate at

this point. To avoid repeated arguments, we assume i , j ,k to be permutations of 1,2,3.

γ{1,2,3} = 1

n
H(X̄{1,2,3}|W1)+β (2.105)

γ{i , j } = 1

n
H(X̄{{i , j }?}|W1)−γ{1,2,3} (2.106)

γ{i } = 1

n
H(X̄{{i }?}|W1)−γ{i , j } −γ{i ,k} −γ{1,2,3} (2.107)

γφ = R2 −γ{1} −γ{2} −γ{3} −γ{1,2} −γ{1,3} −γ{2,3} −γ{1,2,3} (2.108)

To find a solution to the innerbound feasibility problem, the aim is to choose β, if possible,

such that the proposed parameters γS , S ∈ {1,2,3}, satisfy conditions of Lemma 2.12 (i.e.,

inequalities (2.98)-(2.100)). Lemma 2.13 proves the existence of such β and concludes the

converse proof.

Lemma 2.13. There exists a choice of β (in (2.105)-(2.108)) that lets parameters γS , S ⊆ {1,2,3},

satisfy all inequalities in (2.98)-(2.100).

Proof. The proof is straightforward and we defer it to Appendix 2.D.

Remark 2.7. Whether or not a choice of parametersγS , S ⊆ I1, exists that satisfies all inequalities

in (2.98)-(2.100) needs further investigation for m > 3.

Remark 2.8. We would like to remark that one could prove Theorem 2.6 using the same tech-

nique of Subsection 2.4.2 also. More precisely, Lemma 2.10 is already implied and Lemma 2.11

could accommodate an outer-bound constraint similar to the inner-bound constraint of (2.48)
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as follows.

1

n
H(X̄{{i }?}|W1) ≤ 1

n
H(X̄T |W1)+ 1

n
H(X̄T |X̄{{i }?},W1) (2.109)

≤ 1

n
H(X̄T |W1)+ 1

n
H(X̄({{i }?}\T )) (2.110)

≤ 1

n
H(X̄T |W1)+ ∑

S∈T c

S3i

|ES | (2.111)

The rest of the converse proof follows, as before, by sub-modularity.
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2.A Proof of Lemma 2.5

For simplicity of notation, we give the proof for the case where m = 2. Let A take all its

invariants uniformly at random over finite field F, and let message W1 be available at receiver

p. We prove that message W2 is decodable (with probability at least 1− 1
|F| ) if and only if

message W2 could be unicast over the virtual network of Figure 2.13. In this network thin

edges are of unit and thick edges are of infinite capacity. Since W1 is available at receiver p,

it can construct from Yp = Ap

[
W1

W2

]
, a vector Y ′

p = T′
pW2, where T′

p is the sub-matrix of Ap

which is formed by its last R2 columns. Furthermore, T′
p could be written as follows.

T′
p =

α{1,2}←→ α{1}↔ α{2}↔ αφ↔
0 0 0

0 0

0 0


l
l
l
l

|E p
{1,2} |

|E p
{1} |

|E p
{2} |

|E p
φ
|

· P
(2.112)

Think of matrix P as the local transfer matrix at source node A. Also, think of the matrix formed

by the first |E p
{1,2}| rows of T′

p as the local transfer matrix at intermediate node n{1,2}, the matrix

formed by the second |E p
{1}| rows of T′

p as the local transfer matrix at intermediate node n{1}

and so on. Notice to the equivalence of matrix T′
p to the transfer matrix imposed by a random

linear network coding over the virtual network of Figure 2.13, and conclude that message W2

is decodable (with probability at least 1− 1
|F| ) if and only if message W2 could be unicast over

the virtual network of Figure 2.13 by random linear network coding. Decodability conditions

at receiver p can, therefore, be inferred by finding the min-cut separating nodes A and B over

the virtual network of Figure 2.13. Lemma 2.4 gives this min-cut by the following expression.

min

 min
T ⊂2I1

T superset saturated

∑
S∈T

αS +
∑

S∈T c

|E p
S |, ∑

S∈2I1 , S 6=φ
αS + (αφ)+

 (2.113)

One can easily verify that R2 is smaller than the expression in (2.113), provided that inequalities

in (2.25) hold.

2.B Proof of Lemma 2.8

Let B be a multiset of 2{1,2,3} with saturated pattern, A be a multi-set of 2{1,2,3} with standard

pattern, and A and B be balanced and such that B 6=A. We prove that no matter what A and

B are, at least one of the cases of the table in Figure 2.12 occurs, and therefore a non-trivial

elementary decompression is feasible.
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A
source

n{1,2} n{2} n{1}
nφ

n′
{1,2}

n′
{2} n′

{1} n′
φ

B
sink

α{1,2} α{2} α{1} (αφ)+

|E p
{1,2}| |E p

{2}| |E p
{1}| |E p

φ
|

Figure 2.13: Source node A communicates a message of rate R2 to the sink node, B .

Let us first count, in two different ways (once in B and once in A), the number of times a

sets S ⊆ I1 appears in the sets in multi-sets B and A. First of all, define nS , S ⊆ I1, to be the

multiplicity of all sets T ∈A that contain the a S. One observes (from the standard pattern

of multi-set A) that nS =∑
i∈S n{i }. Similarly, define mT to be the multiplicity of the set T in

multi-set B. For simplicity of notation, we use mT ∪ to denote the multiplicity of all sets S in

B which are of the form S ⊇T .

Since multi-sets A and B are balanced, the multiplicity of the sets in A which contain a set S

is equal to the multiplicity of the sets in B which contain it. Thus, counting the multiplicity of

the sets in A and B which contain {i } and {i , j }, we obtain the following relationship. In the

following, we assume i , j ,k to be permutations of 1,2,3.

n{i } = m{{i }?}∪ (2.114)

n{i , j } = m{{i }?}∪+m{{ j }?}∪−m{{i }?,{ j }?}∪+m{{i , j }?}∪ (2.115)

Since n{i , j } = n{i } +n{ j }, we conclude from (2.114) and (2.115) the following equation.

m{{i }?,{ j }?}∪ = m{{i , j }?}∪. (2.116)

Similarly, counting the multiplicity of sets in A and B which contain {1,2,3}, we reach to the
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following equation.

n{1,2,3} = m{{1}?}∪+m{{2}?}∪+m{{3}?}∪+m{{1,2}?}∪+m{{1,3}?}∪+m{{2,3}?}∪+
+m{{1,2,3}?}∪−m{{1}?,{2}?}∪−m{{1}?,{3}?}∪−m{{2}?,{3}?}∪−m{{1}?,{2,3}?}∪+
−m{{2}?,{1,3}?}∪−m{{3}?,{1,2}?}∪−m{{1,2}?,{1,3}?}∪−m{{1,2}?,{2,3}?}∪+
−m{{1,3}?,{2,3}?}∪+m{{1,2}?,{1,3}?,{2,3}?}∪+m{{1}?,{2}?,{3}?}∪ (2.117)

Using n{1,2,3} = n{1} +n{2} +n{3}, equation (2.114) and equation (2.116) in equation (2.117), one

obtains the following equation.

m{{1,2,3}?}∪+m{{1}?,{2}?,{3}?}∪ = m{{1}?,{2,3}?}∪+m{{2}?,{1,3}?}∪+m{{3}?,{1,2}?}∪+
+m{{1,2}?,{1,3}?}∪+m{{1,2}?,{2,3}?}∪+m{{1,3}?,{2,3}?}∪
−m{{1,2}?,{1,3}?,{2,3}?}∪ (2.118)

Now we write each mT ∪ in terms of
∑

S ∈B
S ⊇T

mS to derive the equation of our interest.

m{{1,2,3}?} +m{{1}?,{2}?,{3}?} = m{{1}?,{2,3}?} +m{{2}?,{1,3}?} +m{{3}?,{1,2}?} +m{{1,2}?,{1,3}?} +
+m{{1,2}?,{1,3}?,{2,3}?} +m{{1,2}?,{2,3}?} +m{{1,2}?,{1,3}?,{2,3}?} +
+m{{1,3}?,{2,3}?} +m{{1,2}?,{1,3}?,{2,3}?} −m{{1,2}?,{1,3}?,{2,3}?}

= m{{1}?,{2,3}?} +m{{2}?,{1,3}?} +m{{3}?,{1,2}?} +m{{1,2}?,{1,3}?} +
+m{{1,2}?,{2,3}?} +m{{1,3}?,{2,3}?} +2m{{1,2}?,{1,3}?,{2,3}?}(2.119)

Observe from equality (2.119) that if there is a non-zero term, mT1 , on the left hand, there

is at least one other non-zero term, mT2 , on the right hand of the equality. No matter what

T1 and T2 are, see that we are in one of the decompression cases we studied in the be-

ginning of the proof. If both sides of equality (2.119) are zero, then one concludes that

m{{i }?,{ j }?}∪ = m{{i }?,{ j }?} and m{{i , j }?}∪ = m{{i , j }?} and therefore, by equation (2.116), we have

another equation of interest.

m{{i },{ j }} = m{{i , j }} (2.120)

Again, if m{i },{ j } is none-zero so is m{{i , j }}, and we are back to one of the cases described in the

table of Figure 2.12.

We have proved that a non-trivial elementary decomposition is possible unless all terms in

(2.119) and (2.120) are zero, and all terms in (2.119) and (2.120) are zero only if B=A which

is a assumed not to be the case.
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2.C Proof of Lemma 2.10

Let us call the rate-region characterized in Theorem 2.2 (when I1 = {1,2,3}), region R1 and the

rate-region obtained from relaxing inequality (2.22) to inequality (2.72) (when I1 = {1,2,3}),

region R2. Clearly, R1 ⊆R2. It is, therefore, sufficient to show that R2 ⊆R1. Both rate-regions

R1 and R2 are in terms of feasibility problems. In this sense, rate pair (R1,R2) belongs to

R1 if and only if feasibility problem 1 (characterized by inequalities (2.22)-(2.26)) is feasible.

Similarly, rate pair (R1,R2) belongs to R1 if and only if feasibility problem 2 (characterized

by inequalities (2.72),(2.23)-(2.26)) is feasible. In order to show that R2 ⊆R1, we show that

if (R1,R2) is such that there exists a solution, αS , S ⊆ I1, to feasibility problem 2, then there

also exists a solution α′
S , S ⊆ I1, to feasibility problem 1. Note that region R1 varies from R2

only in the non-negativity constraints on parameters α′
S , φ 6= S ⊆ I1. The goal is to construct

parameters α′
S from parameters αS such that besides satisfying constraints (2.23)-(2.26), they

all become non-negative except for αφ. This is done in the following three steps.

We prove the existence of a solution α′
S , S ⊆ 2I1 , by construction and recursively. To give an

overview of the proof, we start from a solution to feasibility problem 1, αS , S ⊆ I1, and at each

step we propose a solution α′
S , S ⊆ I1, which is still a solution to feasibility problem 1 but

is strictly less negative (excluding αφ). So after enough number of steps, we end up with a

set of parameters α′
S , S ⊆ I1, that satisfies (2.23)-(2.26) and also satisfies the non-negativity

constraints in (2.22).

1. Choose a non-negative α′
{1,2,3}: Set α′

{1,2,3} = α{1,2,3}. Verify that all α′
S , S ⊆ {1,2,3}, satisfy

(2.23) to (2.26) and (2.72).

2. Choose non-negative parameters α′
{i , j }, i , j ∈ {1,2,3}: Without loss of generality take the

following three cases.

(a) α{1,2} < 0 and α{1,3} < 0 and α{2,3} < 0:

Set α′
{1,2,3} = α{1,2,3} +α{1,2} +α{1,3} +α{2,3}, α′

{1,2} = α′
{1,3} = α′

{2,3} = 0, α′
{i } = α{i } for

i = 1,2,3, and α′
φ = αφ. Verify that all α′

S , S ⊆ {1,2,3}, satisfy (2.23) to (2.26) and

(2.72).

(b) α{1,2} < 0 and α{1,3} < 0:

set α′
{1,2,3} = α{1,2,3} +α{1,2} +α{1,3}, α′

{1,2} = α′
{1,3} = 0, α′

{2,3} = α{2,3}, α′
{i } = α{i } for

i = 1,2,3, and α′
φ = αφ. Verify that all α′

S , S ⊆ {1,2,3}, satisfy (2.23) to (2.26) and

(2.72).

(c) α{1,2} < 0:

Set α′
{1,2,3} =α{1,2,3} +α{1,2} ≥ 0.α′

{1,2} = 0, α′
{1,3} =α{1,3}, α′

{2,3} =α{2,3}, α′
{i } =α{i } for

i = 1,2,3, and α′
φ = αφ. Verify that all α′

S , S ⊆ {1,2,3}, satisfy (2.23) to (2.26) and

(2.72).

3. Choose non-negative parameters α′
{i }, i ∈ {1,2,3}: Repeat the following procedure for each

α′
i < 0 until all α′

{i }, i = 1,2,3, are non-negative. δ is assumed a small enough positive

number.
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(a) if α′
{i , j },α

′
{i ,k} > 0:

Set α′
{i } =α′

{i } +δ, α′
{i , j } =α′

{i , j } −δ, α′
{i ,k} =α′

{i ,k} −δ, α′
{1,2,3} =α′

{1,2,3} +δ, and keep

the rest of α′
S ’s unchanged. Verify that all α′

S , S ⊆ {1,2,3}, satisfy (2.23) to (2.26) and

(2.72).

(b) if α′
{i , j } = 0, α′

{i ,k} > 0:

Set α′
{i } =α′

{i }+δ, α′
{i ,k} =α′

{i ,k}−δ, and keep the rest of α′
S ’s unchanged. Verify that

all α′
S , S ⊆ {1,2,3}, satisfy (2.23) to (2.26) and (2.72).

(c) if α′
{i , j } > 0, α′

{i ,k} = 0:

Set α′
{i } =α′

{i }+δ, α′
{i , j } =α′

{i , j }−δ, and keep the rest of α′
S ’s unchanged. Verify that

all α′
S , S ⊆ {1,2,3}, satisfy (2.23) to (2.26) and (2.72).

(d) if α′
{i , j } = 0, α′

{i ,k} = 0:

Set α′
{i } =α′

{i } +δ, α′
{1,2,3} =α′

{1,2,3} −δ, and keep the rest of α′
S ’s unchanged. Verify

that all α′
S , S ⊆ {1,2,3}, satisfy (2.23) to (2.26) and (2.72).

Note that after step 1, one obtains a solution to feasibility problem 2, in which α{1,2,3} ≥ 0.

Then, after step 2, one obtains a solution to feasibility problem 2, in which α{i , j } ≥ 0 for

all i , j ∈ {1,2,3}, and α{1,2,3} is still non-negative. In step 3, at each iteration, a solution is

constructed to feasibility problem 2, where α{1,2},α{1,3},α{2,3},α{1,2,3} all remain non-negative

and at the same time, one negative α{i } is increased. So after step 3, all parameters αS ,

φ 6= S ⊆ {1,2,3}, become non-negative, and therefore this is the solution to feasibility problem

1 that we were looking for.

2.D Proof of Lemma 2.13

We find conditions on β to have all inequalities (2.98)-(2.100) satisfied, and then prove their

simultaneous feasibility. Inequalities in (2.99),(2.100) all hold by definition; i.e., through

inequalities (2.105)-(2.108). Inequalities in (2.98), however, impose some conditions on β as

we derive in the following. We assume i , j ,k to be permutations of 1,2,3.

Inequalities in (2.98), when T = {{1,2,3}}:

α{1,2,3} ≥ 1

n
H(X̄{{1,2,3}}|W1)+β

(a)≥ 1

n
H(X̄{{1,2,3}}|W1)

where (a) follows if we have

β≥ 0 (2.121)
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Inequalities in (2.98) when T = {{i , j }?}:

α{i , j } +α{1,2,3} = 1

n
H(X̄{{i , j }?}|W1)

Inequalities in (2.98) when T = {{i , j }? {i ,k}?}:

α{i , j } +α{i ,k} +α{1,2,3}

≥ 1

n
H(X̄{{i , j }?}|W1)+ 1

n
H(X̄{{i ,k}?}|W1)−α{1,2,3}

= 1

n
H(X̄{{i , j }?,{i ,k}?}|W1)+ 1

n
I (X̄{{i , j }?}; X̄{{i ,k}?}|W1)− 1

n
H(X̄{{1,2,3}}|W1)−β

= 1

n
H(X̄{{i , j }?,{i ,k}?}|W1)+ 1

n
I (X̄{{i , j }?}; X̄{{i ,k}?}|X̄{{1,2,3}},W1)−β

(a)≥ 1

n
H(X̄{{i , j }?,{i ,k}?}|W1)

where (a) follows if we have

β≤ 1

n
I (X̄{{i , j }?}; X̄{{i ,k}?}|X̄{{1,2,3}},W1) (2.122)

Inequalities in (2.98) when T = {{i , j }? {i ,k}? { j ,k}?}:

α{i , j } +α{i ,k} +α{ j ,k} +α{1,2,3}

= 1

n
H(X̄{{i , j }?,{i ,k}?}|W1)+ 1

n
I (X̄{{i , j }?}; X̄{{i ,k}?}|X̄{{1,2,3}},W1)−β+

+H(X̄{{ j ,k}?}|W1)−H(X̄{{1,2,3}}|W1)−β
≥ 1

n
H(X̄{{i , j }?,{i ,k}?{ j ,k}?}|W1)+ 1

n
I (X̄{{i , j }?,{i ,k}?}; X̄{{ j ,k}?}|W1)+

+ 1

n
I (X̄{{i , j }?}; X̄{{i ,k}?}|X̄{{1,2,3}},W1)−H(X̄{{1,2,3}}|W1)−2β

(a)≥ 1

n
H(X̄{{i , j }?,{i ,k}?,{ j ,k}?}|W1)

where (a) follows if we have

2β ≤ 1

n
I (X̄{{i , j }?,{i ,k}?}; X̄{{ j ,k}?}|X̄{{1,2,3}}W1) (2.123)

+ 1

n
I (X̄{{i , j }?}; X̄{{i ,k}?}|X̄{{1,2,3}},W1) (2.124)

Inequalities in (2.98) when T = {{i }?}:

α{i } +α{i , j } +α{i ,k} +α{1,2,3} = 1

n
H(X̄{{i }?}|W1)
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Inequalities in (2.98) when T = {{i }? { j ,k}?}:

α{i } +α{i , j } +α{i ,k} +α{ j ,k} +α{1,2,3}

= 1

n
H(X̄{{i }?}|W1)+ 1

n
H(X̄{{ j ,k}?}|W1)−H(X̄{{1,2,3}}|W1)−β

(a)≥ 1

n
H(X̄{{i }?,{ j ,k}?}|W1)

where (a) follows if

β≤ 1

n
I (X̄{{i }?}; X̄{{ j ,k}?}|X̄{{1,2,3}},W1) (2.125)

Inequalities in (2.98) when T = {{i }? { j }?}:

α{i } +α{ j } +α{i , j } +α{i ,k} +α{ j ,k} +α{1,2,3}

= 1

n
H(X̄{{i }?}|W1)+ 1

n
H(X̄{{ j }?}|W1)− 1

n
H(X̄{{i , j }?}|W1)

(a)≥ 1

n
H(X̄{{i }?,{ j }?}|W1)

where (a) follows since

0 ≤ 1

n
I (X̄{{i }?}; X̄{{ j }?}|X̄{{i , j }?},W1) (2.126)

Inequalities in (2.98) when T = {{i }? { j }? {k}?}:

α{i } +α{ j } +α{k} +α{i , j } +α{i ,k} +α{ j ,k} +α{1,2,3}

= 1

n
H(X̄{{i }?{ j }?}|W1)+ 1

n
I (X̄{{i }?}; X̄{{ j }?}|X̄{{1,2,3}},W1)+H(X̄{{k}?}|W1)+

−H(X̄{{i ,k}?}|W1)−H(X̄{{ j ,k}?}|W1)+H(X̄{{1,2,3}}|W1)+β (2.127)
(a)≥ 1

n
H(X̄{{i }?,{ j }?{k}?}|W1)

where (a) follows if

β ≥ 1

n
I (X̄{{i ,k}?}; X̄{{ j ,k}?}|X̄{{1,2,3}},W1)− I (X̄{{i }?{ j }?}; X̄{{k}?}|X̄{{i ,k}?{ j ,k}?},W1)

−I (X̄{{i }?}; X̄{{ j }?}|X̄{{i , j }?},W1) (2.128)

Notice that constraint (2.122) (for all {i , j ,k}) results also in both constraints (2.124) and

(2.125). Feasibility check on β therefore boils down to the following two inequalities. We will

see that both of these inequalities. The first inequalities is a non-negativity constraint on an
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information term as follows.

0 ≤ 1

n
I (X̄{{i , j }?}; X̄{{i ,k}?}|X̄{{1,2,3}},W1) (2.129)

The second of these inequalities is the following.

1

n
I (X̄{{i ,k}?}; X̄{{ j ,k}?}|X̄{{1,2,3}},W1)− I (X̄{{i }?{ j }?}; X̄{{k}?}|X̄{{i ,k}?{ j ,k}?},W1)

−I (X̄{{i }?}; X̄{{ j }?}|X̄{{i , j }?},W1)

(a)= 1

n
I (X̄{{i , j }?}; X̄{{i ,k}?}|X̄{{1,2,3}},W1)− I (X̄{{ j }?{k}?}; X̄{{i }?}|X̄{{i ,k}?{ j ,k}?},W1)

−I (X̄{{ j }?}; X̄{{k}?}|X̄{{i , j }?},W1)

≤ 1

n
I (X̄{{i , j }?}; X̄{{i ,k}?}|X̄{{1,2,3}},W1)

Step (a) follows because the left hand expression of (2.127) remains the same for any permuta-

tion of {i , j ,k}. This concludes the proof.
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3 Broadcasting Nested Message Sets
Over Linear Deterministic Channels

In this chapter, we study the problem of delivering nested message sets over linear deter-

ministic broadcast channels. The linear deterministic channel model, introduced in [5], was

motivated by its intimate connection to linear Gaussian models. Many insights gained from

the study of such deterministic channels have carried over to the noisy Gaussian case in many

situations including the wireless relay networks [6] and interference channel [13]. This further

motivates the study of this special broadcast model. Recently, [63] solved the problem of

broadcasting three nested message sets over linear deterministic broadcast channels with

three receivers.

3.1 Problem Formulation and Main Results

We first recall the nested two-message-set scenario (see Section 1.2). A source broadcasts a

common message W1 of rate R1 and a private message W2 of rate R2 towards K receivers, and

the goal is that m public receivers, indexed by I1 = {1, . . . ,m}, recover the common message and

the remaining set of (private) receivers, indexed by I2 = {m +1, . . . ,K }, recover both messages.

In this chapter, we also consider a nested three-message-set scenario, where the source

broadcasts a common message W1 of rate R1, a semi-private message W2 of rate R2, and a

private message W3 of rate R3 towards K receivers. The goal is that public receivers, indexed

by I1, recover message W1, semi-private receivers, indexed by I2, recover messages W1,W2,

and private receivers, indexed by I3, recover all three messages W1,W2,W3.

In both scenarios, communication takes place over a linear deterministic broadcast channel.

The underlying channel model is essentially the same as studied in [63]. More precisely, the

input X to the channel lies in a d−dimensional vector space Fd , where F is a finite field. The

received signal at each receiver i , Yi ∈ Fni , is in terms of channel matrix Hi which is an ni ×d

matrix in, as follows.

Yi = Hi X (3.1)
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The problem of interest in the nested two-message-set (resp. nested three-message-set)

broadcast scenario is characterizing the ultimate rate pairs (R1,R2) (resp. (R1,R2,R3) ) at which

messages W1 and W2 (resp. W1, W2, and W3 ) can be communicated reliably. We express all

rates in log|F|(·).

We denote by Ni the nullspace of matrix Hi . Furthermore, for any subset S ∈ {1, . . . ,K }, S =
{s1, · · · , s|S|}, we denote the rank of the matrix that collects the corresponding channels by rS as

follows.

rS = rank


Hs1

...

Hs|S|

 (3.2)

Similarly, we denote the nullspace of this augmented matrix as NS .

3.1.1 Summary of Results

Broadcasting over linear deterministic channels was first studied by Prabhakaran, Diggavi and

Tse in [63], where they characterized the capacity region for broadcasting three nested message

sets over channels with three receivers. They characterized an outer-bound on the capacity

region and showed its tightness by achieving every corner point of it through a (separate) linear

code design. In this section, we use the ideas and intuitions that we developed in Chapter 2 to

extend this result to an arbitrary number of receivers but with the restriction that at most two

receivers do not need all the messages. To this end, we first study in Section 3.3 the problem

within the nested two-message-set scenario (where I1 = {1,2} and I2 = {3, . . . ,K }). Then, in

Section 3.4, we extend the results to the nested three-message-set scenario (where I1 = {1},

I2 = {2} and I3 = {3, . . . ,K }).

We start with the nested two-message-set scenario. The challenge in this problem is, funda-

mentally, similar to combination-network channels; i.e., it stems from the tension between

delivering a common message to the public receivers (with a presumably smaller channel

matrix rank) and both message to the private receivers. In this regard, although the public

receivers are only interested in the common message, one might, nevertheless, need to reveal

some additional partial information to them to allow the reception of the private message

by the private receivers. Here, the problem is slightly more involved in that receivers receive

(potentially arbitrary) linear transformations of the input signal (rather than subsets of the

symbols of the input signal).

The first result of this chapter is summarized in Theorem 3.1 which characterizes, for a nested

two-message-set scenario, the capacity region of a linear deterministic broadcast channel (see

Page 75).
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Theorem 3.1. Consider a linear deterministic broadcast channel with two public receivers

(indexed within I1 = {1,2}) and many private receivers (indexed within I2 = {3, . . . ,K }). A rate

pair (R1,R2) is achievable if and only if it satisfies the following inequalities.

R1 ≤ r{i } ∀i ∈ I1

R1 +R2 ≤ r{p} ∀p ∈ I2

2R1 +R2 ≤ r{1} + r{2} + r{1,2,p} − r{1,2} ∀p ∈ I2

(3.3)

To prove this result, we design an optimal linear broadcast code in subsection 3.3. The converse

proof follows by the work of [63] and we do not repeat it here.

Our achievable code design is in three stages and through a random coding argument.

• First, we form a new basis for Fd which depends on the channel matrices H1 and H2.

Using this basis, we reduce the broadcast problem to an equivalent broadcast problem,

where the channel matrices of the public receivers are easier to deal with. For the simpler

broadcast channel, we then design a linear encoding matrix of indeterminates Ã which

we will try to fill (complete) such that all decoding requirements are fulfilled.

• Second, we pick a random zero-structured matrix for Ã and derive sufficient conditions

that allow decodability for all receivers, with a positive probability. These constraints

are in terms of the structural parameters of the zero-structured matrix Ã.

• Finally, we find a judicious choice for the the structure parameters which will satisfy all

the decodability constraints, and we conclude the existence of a proper universal choice

of matrix Ã and therefore the encoding matrix.

The second result of this chapter is the extension to the problem of broadcasting three message

sets, when all receivers except receivers 1 and 2 require all the three messages. This is the

focus of Subsection 3.4 (Page 80) and is built on ideas from rate-splitting and rate-transferring

arguments.

Theorem 3.2. Consider a linear deterministic broadcast channels with one public receiver

(indexed within I1 = {1}), one semi-private receiver (indexed within I2 = {2}) and many private

receivers (indexed within I3 = {3, . . . ,K }). A rate triple (R1,R2,R3) is achievable if and only if it

satisfies the following inequalities.

R1 ≤ mini≥1 r{i }

R1 +R2 ≤ min j≥2 r{ j }

R1 +R2 +R3 ≤ minp≥3 r{p}

2R1 +R2 +R3 ≤ minp≥3 r{1} + r{2} + r{1,2,p} − r{1,2}

(3.4)
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3.2 Combination Network As a Tool

We start with an example.

Example 3.1. Consider a linear deterministic broadcast channel with four receivers where

receivers 1 and 2 are public receivers demanding a common message W1, and receivers 3 and

4 are private receivers demanding the common message along with a private message W2. Let

the corresponding four channel matrices be the following matrices over finite field F2.

H1 =

 1 1 1 0

0 0 1 1

0 0 0 1

 (3.5)

H2 =

 1 0 1 0

0 0 1 1

0 0 0 1

 (3.6)

H3 =

 1 1 0 0

1 0 0 0

0 1 0 1

 (3.7)

H4 =


1 1 0 0

0 1 1 0

1 1 1 1

1 0 0 0

 (3.8)

(3.9)

Given an input X = [x1, x2, x3, x4]T to the channels, each receiver observes a linear transforma-

tion of X , as follows.

Y1 =

 x1 +x2 +x3

x3 +x4

x4

 Y2 =

 x1 +x3

x3 +x4

x4

 Y3 =

 x1 +x2

x1 +x2 +x3

x2 +x4

 Y4 =


x1 +x2

x2 +x3

x1 +x2 +x3 +x4

x1

(3.10)

The question of interest is to encode the common and private messages W1,W2 into the

channel input X , appropriately, so that each receiver gets to decode its message(s) of interest

from its received signal.
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One may find channel matrices Hi to have the following nullspaces.

N1 =
〈

1

1

0

0


〉

N2 =
〈

0

1

0

0


〉

N3 =
〈

0

0

1

0


〉

N4 =
〈

0

0

0

0


〉

(3.11)

By a proper change of basis on vector X , we develop a better understanding of the problem.

More precisely, instead of representing vector X in the standard basis, let us write it in the fol-

lowing basis B, which is a collection of the basis vectors of Ni , completed with the additional

basis vector [0,0,0,1]T .

B =




1

1

0

0

 ,


0

1

0

0

 ,


0

0

1

0

 ,


0

0

0

1


 (3.12)

Denoting coefficients of X in this new basis by x̃1, x̃2, x̃3, and x̃4, we have

X =


1 0 0 0

1 1 0 0

0 0 1 0

0 0 0 1




x̃1

x̃2

x̃3

x̃4

=: VX̃ (3.13)

where V is the transformation matrix whose columns are the vectors in B. One observes that

the first column of V is in the kernel of matrix H1, the second column is in the kernel of matrix

H2, and the third column is in the kernel of matrix H3. Therefore, the received signals Yi are

given as follows (in terms of X̃ ) .

Y1 =

 x̃2

x̃3

x̃4

 Y2 =

 x̃1

x̃3

x̃4

 Y3 =

 x̃1

x̃2

x̃4

 Y4 =


x̃1

x̃2

x̃3

x̃4

 (3.14)

The optimal code design of X is then equivalently posed as an optimal code design of X̃ ,

which reduces the broadcast problem to a similar problem over the combination network in

Figure 3.1. 4

Example 3.1 shows close connections between the two problems of multicasting over combina-

tion networks and broadcasting over linear deterministic channels. Nonetheless, not all linear
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S

D1 D2 D3 D4

x̃1 x̃2 x̃3 x̃4

Figure 3.1: The linear deterministic broadcast channel in Example 3.1 reduces to a combina-
tion network.

deterministic channels can be reduced to an equivalent combination network. More precisely,

this reduction is not (in general) possible for more than two receivers (K > 2), because one

has to form a basis for Fd such that it contains in itself a basis for all nullspaces Ni , i = 1, . . . ,K .

This could better be seen through the following example.

Example 3.2. Consider a linear deterministic broadcast channel with the following three

channel matrices over finite field F2.

H1 =

 1 1 1 0

0 0 1 1

0 0 0 1

 with nullspace N1 =
〈

1

1

0

0


〉

H2 =

 1 0 1 0

0 0 1 1

0 0 0 1

 with nullspace N2 =
〈

0

1

0

0


〉

H3 =

 0 1 0 0

0 1 1 0

0 1 0 1

 with nullspace N3 =
〈

1

0

0

0


〉

(3.15)

For such channel matrices, nullspace N1 is within the span of 〈N2,N3〉, and no change of

basis reduces the problem to a multicast problem over combination networks. If we let

X = [x1, x2, x3]T , receiver 2 does not see x1, receiver 3 does not see x2, and receiver 1 does not

see x1 + x2, and this cannot be captured through combination networks. Nonetheless, one
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S

D1 D2 D3

x̃1 x̃2 x̃3

Figure 3.2: Combination networks are useful in finding innerbounds on the capacity region of
linear deterministic channels.

may still get inner-bounds to the capacity region, using results from combination networks.

To be more precise, let us ignore the first row of matrix H1 at receiver 1. This way, nullspace

N1 becomes

N1 =
〈

1

0

0

0

 ,


0

1

0

0


〉

, (3.16)

and one can reduce the broadcast problem to a multicast problem over the combination

network of Figure 3.2. 4

Examples 3.1 and 3.2 motivate direct applications of combination networks in finding inner-

bounds to the achievable rate-region of linear deterministic broadcast channels. More im-

portantly, however, they give intuition on the optimal code design over linear deterministic

broadcast channels. We investigate this in the next section.

3.3 Linear Encoding Schemes

We focus on linear deterministic broadcast channels with m = 2 public and many private

receivers, and prove an achievable rate-region in Theorem 3.1. Let information symbols

w1,1, · · ·w1,R1 and w2,1, · · · , w2,R2 be the variables in F for messages W1 and W2 respectively,

and W in FR1+R2 be the vector with coordinates in the standard basis.

W = [w1,1 . . . w1,R1 w2,1 . . . w2,R2 ]T (3.17)
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We will use linear coding as our encoding scheme and broadcast a signal in the form

X = AW. (3.18)

The encoding matrix, A, is a d × (R1 +R2) matrix over finite field F and maps the vector of

information symbols, W ∈ FR1+R2 , into X̃ ∈ Fd , the input to the channel. We aim to design

this matrix such that the two public receivers can decode W1 and all the remaining (private)

receivers can decode both W1 and W2.

The challenge in the optimal code designs for this problem, besides those addressed in Chapter

2, stems from the fact that receivers have as their null-spaces, different (overlapping) subspaces

of the vector space of the channel input X , and therefore see different projections of the sent

signal. In Section 3.2, we saw how the problem reduces to a simpler problem provided that

a proper basis is found for Fd , and we discussed that this is not in general possible for K > 2.

In this section, we design a basis for Fd which depends only on the channel matrices of the

public receivers and we reduce the problem to another broadcast problem which is simpler

from the public receivers’ point of view. We use this basis to relate our encoding matrix to a

zero-structured matrix of indeterminates, Ã, and the goal is to fill (complete) this matrix such

that it ensures decodability of each message at its intended receivers.

3.3.1 Two public and many private receivers: problem reduction

We start by choosing a new basis for Fd , which we call B. This is done in the following manner

(see Figure 3.3): First select a set of vectors, Bφ, such that
〈
Bφ

〉=N{1,2}. Then select vectors

B{1} and B{2} such that
〈
Bφ

〉⊕〈
B{1}

〉=N{2}, and
〈
Bφ

〉⊕〈
B{2}

〉=N{1}. Finally, select vectors

B{1,2} such that
〈
Bφ

〉⊕〈
B{1}

〉⊕〈
B{2}

〉⊕〈
B{1,2}

〉= Fd . Let B =Bφ∪B{1} ∪B{2} ∪B{1,2}. Let

the associated transformation matrix be

V =
[

V{1,2} V{2} V{1} Vφ

]
,

where the column vectors of V{1,2} are the vectors in B{1,2} and so on. Note that

|Bφ| = m − r{1,2},

|B{1}| = r{1,2} − r{2},

|B{2}| = r{1,2} − r{1},

|B{1,2}| = r{1} + r{2} − r{1,2}.
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N{1,2}

Fd

N{1}

N{2}

Figure 3.3: Venn diagram of null spaces of the two public receivers.

Then we may expand the input to the channel, X , using basis B as follows.

X = VX̃ =
[

V{1,2} V{2} V{1} Vφ

]


X̃{1,2}

X̃{2}

X̃{1}

X̃φ



In the above equation, vector X̃ ∈ Fd is the vector of coefficients of the basis vectors under

the mentioned basis expansion. Furthermore, we have defined X̃{1,2} to be the first |B{1,2}|
coefficients of X̃ which corresponds to column vectors V{1,2}, and X̃{2} to be the next |B{2}|
coefficients and so on. It is clear that we may take X̃ ∈ Fd to be the input of an equivalent

channel in which the channel output at receiver-i is given as follows.

Yi = Hi VX̃ (3.19)

For receiver 1, the resulting channel matrix is given by

H1V = H1

[
V{1,2} V{2} V{1} Vφ

]
=

[
H1V{1,2} 0 H1V{1} 0

]
.

Hence,

Y1 =
[

H1V{1,2} H1V{1}

][
X̃{1,2}

X̃{1}

]
.
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Moreover, by the manner in which B was formed, matrix
[

H1V{1,2} H1V{1}

]
has full (col-

umn) rank and therefore, we may replace the output at public receiver 1, without loss of

generality, with

Ỹ1 =
[

X̃{1,2}

X̃{1}

]
=

[
I 0 0 0

0 0 I 0

]
X̃ =: H̃1X̃ . (3.20)

Similarly,

Ỹ2 =
[

X̃{1,2}

X̃{2}

]
=

[
I 0 0 0

0 I 0 0

]
X̃ =: H̃2X̃ . (3.21)

For the rest of the receivers (i.e., every private receiver p ∈ I2 = {3, . . . ,K }), we simply set

Ỹp = Yp = Hp VX̃ =: H̃p X̃ , (3.22)

where H̃p is defined as follows.

H̃p =
[

Hp V{1,2} Hp V{2} Hp V{1} Hp Vφ

]
=:

[
H̃p

{1,2} H̃p
{2} H̃p

{1} H̃p
φ

]
(3.23)

We have now an equivalent broadcast problem in which the input to the channel is X̃ ∈ Fd , and

the received signal at each destination i is given as follows in terms of new channel matrices

H̃i (specified in equations (3.20)-(3.22)).

Ỹi = H̃i X̃ (3.24)

The following lemma calculates the ranks of certain submatrices of H̃i and will be used in

Subsection 3.3.3 to prove the achievability of our coding theorem.

Lemma 3.1. Given channel matrices H1, H2, Hp , let the equivalent channel matrix H̃p , p ∈ I2,

be defined as in equation (3.23). The following inequalities relate ranks of certain submatrices

of H̃p to ranks of collections of matrices H1, H2, Hp .

rank
(
H̃p
φ

)
= r{1,2,p} − r{1,2} (3.25)

rank
([

H̃p
{1} H̃p

φ

])
= r{2,p} − r{2} (3.26)

rank
([

H̃p
{2} H̃p

φ

])
= r{1,p} − r{1} (3.27)
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rank
([

H̃p
{2} H̃p

{1} H̃p
φ

])
≥ max


r{1,p} − r{1}

r{2,p} − r{2},

r{p} − r{1} − r{2} + r{1,2}

 (3.28)

rank
([

H̃p
{1,2} H̃p

{2} H̃p
{1} H̃p

φ

])
= r{p} (3.29)

Proof. The key point in the proof is to note that rank
(
Hp V

)
is the same for all matrices V that

have the same column space. Thus, without loss of generality, we assume in this proof that

Bφ =Bk
φ∪Bk̄

φ such that
〈
Bk̄

φ

〉
=N{1,2,p}, B{2} ∪Bφ =B

p̄
{2} ∪B

p
{2}, such that

〈
B

p̄
{2}

〉
=N{1,p},

and B{1} ∪Bφ =B
p̄
{1} ∪B

p
{1}, such that

〈
B

p̄
{1}

〉
=N{2,p}.

To derive equation (3.25), first let Vp
φ

denote the matrix that has the vectors in B
p
φ

as its

columns. Then, H̃p
φ
= Hp Vφ = [0 Hp Vp

φ
]. Because the vectors in B

p
φ

are linearly independent

and do not belong in the null space of Hp , the columns Hp Vp
φ

are also linearly independent,

and thus rank
(
Hp Vφ

)= |Bp
φ
| = |N{1,2}|− |N{1,2,k}| = r{1,2,p} − r{1,2}.

Similarly, rank
([

H̃p
{1} H̃p

φ

])
= rank

(
Hp

[
V{1} Vφ

])
= |B1,k | = |N{2}|− |N2k | = r{2,p} − r{2}

and rank
([

H̃p
{2} H̃p

φ

])
= r{1,p} − r{1}.

Calculating rank
([

H̃p
{2} H̃p

{1} H̃p
φ

])
is, however, non-trivial, and we only provide lower-

bounds on it to prove (3.28). Clearly, we have

rank
([

H̃p
{2} H̃p

{1} H̃p
φ

])
≥ r{1,p} − r{1}, (3.30)

rank
([

H̃p
{2} H̃p

{1} H̃p
φ

])
≥ r{2,p} − r{2}. (3.31)

Furthermore, we have

rank
([

H̃p
{2} H̃p

{1} H̃p
φ

])
= rank

(
Hp

[
V{1} V{2} Vφ

])
= |〈B{1} ∪B{2} ∪Bφ

〉 |− |〈B{1} ∪B{2} ∪Bφ

〉∩Nk |
≥ |N{1}|+ |N{2}|− |N{1,2}|− |N{p}|
= r{p} − r{1} − r{2} + r{1,2}. (3.32)

Finally, by the fact that the transformation matrix
[

V{1,2} V{2} V{1} Vφ

]
is (column) full-

rank, we have rank
([

H̃p
{1,2} H̃p

{2} H̃p
{1} H̃p

φ

])
= r{p}.

3.3.2 Decodability basic lemmas

To argue decodability of W1 at public receiver 1 and 2, we use results of Chapter 2. To argue

decodability of W1,W2 at receivers p ∈ {3, · · · ,K }, we need the following lemmas.
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Lemma 3.2. Consider a matrix H over finite field F of the form

H =
[

H{1,2} H{2} H{1} Hφ

]
. (3.33)

Let c{1,2},c{2},c{1}, and cφ be non-negative integers such that

rank
(

Hφ

)
≥ cφ, (3.34)

rank
( [

H{1} Hφ

] )
≥ c{1} + cφ, (3.35)

rank
( [

H{2} Hφ

] )
≥ c{2} + cφ, (3.36)

rank
( [

H{2} H{1} Hφ

] )
≥ c{2} + c{1} + cφ, and (3.37)

rank
( [

H{1,2} H{2} H{1} Hφ

] )
≥ c{1,2} + c{2} + c{1} + cφ. (3.38)

Then, there are matrices U{1,2}, U{2}, U{1}, and Uφ such that the columns of Uφ are drawn from

the columns of Hφ, the columns of U{1} from the columns of H{1} and Hφ, the columns of U{2}

from the columns of H{2} and Hφ, and, finally, the columns of U{1,2} are taken from the columns

of H{1,2}, H{2}, H{1}, and Hφ such that they satisfy

• rank
(
U{1,2}

)= c{1,2},

• rank
(
U{2}

)= c{2},

• rank
(
U{1}

)= c{1},

• rank
(
Uφ

)= cφ, and

•
[

U{1,2} U{2} U{1} Uφ

]
has linearly independent columns.

Proof. We form a basis T for the column space of H as follows: We pick exactly rank(Hφ)

linearly independent vectors from Hφ and denote the set of these vectors by Tφ. Then, we find

a set T{1} of rank([H{1}|Hφ])−rank(Hφ) linearly independent vectors from H{1} such that T{1}∪
Tφ is a linearly independent set. Similarly, we proceed to find a set of vectors T{2} from the

columns of H{2} and T{1,2} from the columns of H{1,2} such that |T{2}| = rank([H{2}|H{1}|Hφ])−
rank([H{1}|Hφ]), |T{1,2}| = rank(T )− rank([H{2}|H{1}|Hφ]), and the vectors of Tφ∪T{1} ∪T{2} ∪
T{1,2} are linearly independent. Clearly, T =Tφ∪T{1} ∪T{2} ∪T{1,2} is a basis for the column

space of H. We will now attempt to choose the U matrices such that

• Uφ has cφ distinct columns from Tφ,

• U{1} has c{1} distinct columns from T{1} ∪Tφ,

• U{2} has c{2} distinct columns from T{2} ∪Tφ,
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cφ︷ ︸︸ ︷ c{1}︷︸︸︷ c{2}︷ ︸︸ ︷ c{1,2}︷︸︸︷

Tφ

︸︷︷︸
T{2}

︸ ︷︷ ︸
T{1}

︸︷︷︸
T{1,2}

︸ ︷︷ ︸

Figure 3.4: Bi-partite graph between columns of [U{1,2}|U{2}|U{1}|Uφ] and vectors in T

• U{1,2} has c{1,2} distinct columns from T{1,2} ∪T{2} ∪T{1} ∪Tφ, and

• no two U matrices share a column.

It is clear that the lemma is proved if we find such an assignment. This assignment is, indeed,

given by a perfect matching of columns of
[

U{1,2} U{2} U{1} Uφ

]
to vectors in T , over

the bi-partite graph in Figure 3.4. Conditions for feasibility of such an assignment are found

in a manner similar to that described in the proof of Lemma 2.6, and is given by inequalities

(3.39)-(3.43).

c{1,2} + c{2} + c{1} + cφ ≤ c{1,2} + c{2} + c{1} +|Tφ| (3.39)

c{1,2} + c{2} + c{1} + cφ ≤ c{1,2} + c{2} +|T{1}|+ |Tφ| (3.40)

c{1,2} + c{2} + c{1} + cφ ≤ c{1,2} + c{1} +|T{2}|+ |Tφ| (3.41)

c{1,2} + c{2} + c{1} + cφ ≤ c{1,2} +|T{2}|+ |T{1}|+ |Tφ| (3.42)

c{1,2} + c{2} + c{1} + cφ ≤ |T{1,2}|+ |T{2}|+ |T{1}|+ |Tφ| (3.43)

(3.44)

Furthermore, by construction of basis vectors in T , we have the following equations.

|Tφ| = rank
(
Hφ

)
(3.45)

|T{1}|+ |Tφ| = rank
([

H{1} Hφ

])
(3.46)

|T{2}|+ |Tφ| ≤ rank
([

H{2} Hφ

])
(3.47)

|T{2}|+ |T{1}|+ |Tφ| = rank
([

H{2} H{1} Hφ

])
(3.48)

|T{1,2}|+ |T{2}|+ |T{1}|+ |Tφ| = rank
([

H{1,2} H{2} H{1} Hφ

])
(3.49)
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Inserting (3.45)-(3.49) into inequalties (3.39)-(3.43) concludes the proof.

Lemma 3.3. Consider a matrix G of the form

G =
r{1,2}←→ r{2}←→ r{1}←→ rφ←→[
H{1,2} H{2} H{1} Hφ

]
︸ ︷︷ ︸

Hn×r

c{1,2}←−−−−→ c{2}←→ c{1}←→ cφ←→
0 0 0

0 0

0 0


︸ ︷︷ ︸

Tr×c

l r{1,2}

l r{2}

l r{1}

l rφ

(3.50)

where matrix H is a fixed matrix and matrix T is zero-structured with all its non-zero entries

indeterminate. There is an assignment of invariants in T that makes matrix G column fullrank

provided that

cφ ≤ rank
(
Hφ

)
(3.51)

c{2} + cφ ≤ rank
([

H{1} Hφ

])
(3.52)

c{1} + cφ ≤ rank
([

H{2} Hφ

])
(3.53)

c{2} + c{1} + cφ ≤ rank
([

H{2} H{1} Hφ

])
(3.54)

c{1,2} + c{2} + c{1} + cφ ≤ rank
([

H{1,2} H{2} H{1} Hφ

])
(3.55)

Proof. Let T take its indeterminates in 0−1 such that there is at most one 1 in each column.

Thus multiplying H with T gives a column collection of H in the form of [U{1,2}|U{2}|U{1}|Uφ]

where the zero-one structure of T forces Uφ’s columns to be drawn from the set of columns of

Hφ, U{1}’s columns to be drawn from the set of columns of H{1} and Hφ, U{2}’s columns to be

drawn from the set of columns of H{2} and Hφ, and finally U{1,2}’s columns be drawn from all

H{1,2}, H{2}, H{1}, and Hφ. From lemma 3.2, we know that such U’s exist such that they satisfy

rankU{1,2} = c{1,2}, rankU{2} = c{2}, rankU{1} = c{1}, rankUφ = cφ, and [U1|U2|U3|U4] has linearly

independent columns. So the lemma is proved by designing T so that H = [U1|U2|U3|U4] and

is therefore (column) full rank.

Corollary 3.1. Assigning all the indeterminates of the zero-structured matrix T independently

and uniformly at random (from finite field F) makes matrix G of equation (3.50) fullrank (with

a probability at least 1− 1
|F| ) provided that all inequalities (3.51)-(3.55) hold.

Proof. This follows by Schwartz-Zippel lemma [55, Chapter 1, Theorem 2], and Lemma 3.3

above. Lemma 3.3 proves that there is an assignment of variables in matrix G that makes

it (column) fullrank. Therefore, there is a c × c submatrix of G whose determinant is not
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identically zero. Call this matrix G̃ and the polynomial that its determinant specifies P . Since

polynomial P is not identically zero, a random choice of its variables makes it zero with a

probability at most d
|F| , where d is the degree of polynomial P . We show in the following that

d ≤ 1. Submatrix G̃ is given by G̃ = H̃T, where H̃ is a fixed c × r sub-matrix of matrix H and T is

composed of variables ti , j , which are all independent. So, each entry g̃i , j =∑
l h̃i ,l tl , j . Using

the Laplace expansion to calculate detG̃, we have

detG̃ =∑
i

(−1)i+ j g̃i , j detG̃i , j , (3.56)

where detG̃i , j is not a function of ti , j , for ti , j shows up only in column j of submatrix G̃. So

degree of P in ti , j is at most 1. We have therefore shown that assigning all the indeterminates

of the zero-structured matrix T independently and uniformly at random makes matrix G

column fullrank with a probability at least 1− 1
|F| .

3.3.3 Zero-structured linear codes: an achievable region

We will now prove the achievability part of our coding theorem for the equivalent broadcast

channel defined in section 3.3.1. The encoding scheme at the source is through a zero-

structured encoding matrix. More precisely, the broadcast signal is of the form

X̃ = ÃW, (3.57)

where Ã is given as follows.

Ã =

R1←→ α{1,2}←→ α{2}↔ α{1}↔ αφ↔
0 0 0

0 0

0 0


l
l
l
l

|B{1,2} |

|B{2} |

|B{1} |

|Bφ |

.
(3.58)

Parameters α{1,2}, α{2}, α{1}, and αφ are rate-split parameters to be designed and they satisfy

the following conditions.

α{1,2},α{2},α{1},αφ ≥ 0 (3.59)

α{1,2} +α{2} +α{1} +αφ = R2 (3.60)

Remark 3.1. As defined above, parameters α{1,2}, α{2}, α{1}, and αφ are assumed to be integer

valued. Nonetheless, considering coding over blocks of large enough length, one can let these
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parameters be real and approximately attain them through the Cauchy sequences of rational

numbers that approach them.

In the rest of this section, we first find necessary conditions on parameters αS , S ⊆ I1 = {1,2},

such that a random zero-structured encoding matrix Ã lets each receiver decode its messages

of interest with a positive probability. We conclude for such parameters that there exists an

assignment of Ã that satisfies all receivers. Then, given a rate pair (R1,R2) which lies in the

rate-region of Theorem 3.1, we propose a universal choice of these parameters such that all

the necessary conditions are satisfied.

Let Ã take all its indeterminates independently and uniformly at random from finite field F.

Look at equations (3.20) and (3.21), where received signals Ỹ1 and Ỹ2 are shown and notice

the similarity of them to the received signals at public receivers over a combination network.

Conditions for decodability of message W1 at each public receiver (with a probability at least

1− 1
|F| ) is given by the following two inequalities (see Section 2.2.2 for details).

Decodability requirement at public receiver 1:

R1 +α{1,2} +α{1} ≤ |B{1,2}|+ |B{1}| = r{1} (3.61)

Decodability requirement at public receiver 2:

R1 +α{1,2} +α{2} ≤ |B{1,2}|+ |B{2}| = r{2} (3.62)

Conditions for decodability of messages W1 and W2 at private receivers are found as follows.

Received signal Ỹp at private receiver p ∈ I2 is given by Ỹp = H̃p X̃ . Substituting for X̃ from

equation (3.57), one obtains Ỹp = H̃p ÃW . Thus, private receiver p ∈ I2 can decode messages

W1,W2, if and only if matrix Gp = H̃p Ã is full-rank. Corollary 3.1 translates this in conditions

(3.63)-(3.67) on parameters α{1,2}, α{2}, α{1}, αφ such that a random zero-structured encoding

matrix Ã makes Gk full-rank (with a probability at least 1− 1
|F| ).

αφ ≤ rank
(
Hp
φ

)
(3.63)

α{1} +αφ ≤ rank
([

Hp
{1} Hp

φ

])
(3.64)

α{1} +αφ ≤ rank
([

Hp
{2} Hp

φ

])
(3.65)

α{2} +α{1} +αφ ≤ rank
([

Hp
{2} Hp

{1} Hp
φ

])
(3.66)

R1 +R2 ≤ rank
([

Hp
{1,2} Hp

{2} Hp
{1} Hp

{1,2}

])
(3.67)

Using the result of Lemma 3.1, we reach to the following lemma.

Lemma 3.4. A random zero-structured encoding matrix Ã lets private receiver p ∈ I2 decode
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messages W1,W2 (with a probability at least 1− 1
|F| ) provided that

αφ ≤ r{1,2,p} − r{1,2} (3.68)

α{1} +αφ ≤ r{2,p} − r{2} (3.69)

α{2} +αφ ≤ r{1,p} − r{1} (3.70)

α{2} +α{1} +αφ ≤ max

 r{1,p} − r{1}

r{2,p} − r{2}

r{p} − r{1} − r{2} + r{1,2}

 (3.71)

R1 +R2 ≤ r{p} (3.72)

Decoding constrains (3.61), (3.62), (3.68)-(3.72) along with the structural constraints (3.59)

and (3.60) characterize necessary constraints on rate-split parameters of the encoding matrix,

Ã. Under such constraints, a random zero-structured matrix Ã satisfies all receivers with a

probability at least 1− K
|F| , which is positive for |F| > K . This concludes existence of a zero-

structured linear code that achieves rate pair (R1,R2). Note that operation over smaller fields

is also possible, by using vector coding. One may solve the mentioned problem by eliminating

all parameters αS , S ⊆ I1, using Fourier-Motzkin elimination method, and find the following

achievable rate-region.

Theorem 3.1. Consider a linear deterministic broadcast channel with two public receivers

(indexed within I1 = {1,2}) and many private receivers (indexed within I2). A rate pair (R1,R2)

is achievable if it satisfies the following inequalities.

R1 ≤ min
i∈I1

r{i } (3.73)

R1 +R2 ≤ min
p∈I2

r{i } (3.74)

2R1 +R2 ≤ min
p∈I2

r{1} + r{2} + r{1,2,p} − r{1,2} (3.75)

where rS , S ⊆ {1, . . . ,K }, is defined in (3.2).

However, eliminating parameters αS , S ⊆ I1, to prove achievability of rate-region of Theorem

3.1, does not provide us with a unique good choice of code design parameters for all rate

pairs of the rate-region; i.e., to design a code which achieves a given rate pair (R1,R2), one

has to solve the feasibility problem defined by inequalities (3.61), (3.62), (3.68)-(3.72), (3.59),

(3.60). In the following, given a rate pair (R1,R2), we explicitly propose a universal choice of
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r{1}
R1

R2

(RB
1 ,RB

2 )

minp∈I2 r{p}

(a) r{1} +minp∈I2 r{p} ≥ minp∈I2 {r{1} +r{2} +r{1,2,p} −
r{1,2}}

r{1}
R1

R2

minp∈I2 r{p}

(r{1},minp∈I2 r{p} − r{1})

(b) r{1}+minp∈I2 r{p} ≤ minp∈I2 {r{1}+r{2}+r{1,2,p}−r{1,2}}

Figure 3.5: The rate-region of Theorem 3.1 is shown in two regimes.

the design parameters α{1,2}, α{2}, α{1}, αφ.

αφ =
((

R1 +R2 − r{2}
)++ (

R1 +R2 − r{1}
)+−R2

)+
α{1} = (R1 +R2 − r{2})+−αφ
α{2} = (R1 +R2 − r{1})+−αφ
α{1,2} = R2 −α{2} −α{1} −αφ

(3.76)

To show that this is a feasible choice, it is sufficient to prove achievability of all rate pairs

on the facet 2R1 +R2 = minp∈I2 {r{1} + r{2} + r{1,2,p} − r{1,2}} when this facet exists (i.e., when

min
{
r{1},r{2}

}+minp∈I2 r{p} ≥ minp∈I2 {r{1}+r{2}+r{1,2,p}−r{1,2}}) and prove achievability of rate

pair (r{1},minp∈I2 r{p}−r{1}) otherwise, when min
{
r{1},r{2}

}+minp∈I2 r{p} ≤ minp∈I2 {r{1}+r{2}+
r{1,2,p} − r{1,2}}. It is sufficient to do so, because, for the choice of parameters that we make in

(3.76), the rest of rate pairs in the rate-region of Theorem 3.1 will be redundant; i.e., they are

either dominated by the rate pairs we study, or can be achieved from them by a rate transfer.

In particular, consider rate pairs (R1,R2) on the facet R1+R2 = minp∈I2 r{p}. Such rate pairs can

be achieved if the corner point (RB
1 ,RB

2 ) is achieved (see Figure 3.5), simply by a rate transfer

of an amount RB
2 −R2 from the private message to the common message. This is possible

because for the choice of parameters in (3.76)), both public receivers decode enough symbols

from the private message for the rate transfer to occur.

We show in the following that parameters α{1,2}, α{2}, α{1}, αφ, chosen as in equation (3.76),

satisfy all achievability constraints for the non-redundant rate pairs discussed. Clearly, the

structural constraints are satisfied by definition.

Decoding constraints hold as follows.
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Constraints (3.61) and (3.62) hold because,

R1 +α{1} +αφ (a)= R1 +R2 −α{2} −α{1,2} (3.77)
(b)= R1 +R2 − (R1 +R2 − r{2})

+ (3.78)

≤ r{2}. (3.79)

Step (a) follows by equation (3.60) and step (b) follows by our specific choice in (3.76).

Decoding constraints at public receiver 2 hold similarly.

Constraint (3.68) hold because,

αφ
(a)=

((
R1 +R2 − r{2}

)++ (
R1 +R2 − r{1}

)+−R2

)+
(3.80)

≤ max

 0

R1 − r{1}

R1 − r{2}2R1 +R2 − r{1} − r{2}

 (3.81)

(b)≤ r{1,2,p} − r{1,2}. (3.82)

Step (a) is a result of our specific choice in (3.76), and step (b) follows by positivity of

r{1,2,p} − r{1,2} and by inequalities (3.73) and (3.75) of the rate-region.

Constraints (3.69), (3.70) follow, similarly, by positivity of r{1,p} − r{1} and r{2,p} − r{2} and in-

equality (3.74) of the rate-region.

Constraint (3.71) is satisfied, at any private receiver i ∈ I2, for the non-redundant pairs un-

der study. Assume without loss of generality that r{1} ≤ r{2}. We first present the case

where facet 2R1 +R2 = minp∈I2 r{1} + r{2} + r{1,2,p} − r{1,2} exists; i.e., r{1} +minp∈I2 rp ≥
minp∈I2 {r{1} + r{2} + r{1,2,p} − r{1,2}}.

α{1} +α{2} +αφ
(a)≤ R2 (3.83)
(b)= 2R1 +2R2 −min

p∈I2

{r{1} + r{2} + r{1,2,p} − r{1,2}} (3.84)

≤ r{i } +min
p∈I2

r{p} −min
p∈I2

{r{1} + r{2} + r{1,2,p} − r{1,2}} (3.85)

(c)≤ r{i } − r{1} − r{2} + r{1,2}. (3.86)

Step (a) is a result of our specific choice in (3.76), step (b) follows by our assumption that

the non-redundant rate pair of interest is on the facet of 2R1 +R2 = minp∈I2 r{1} + r{2} +
r{1,2,p} − r{1,2} and step (c) follows from minp∈I2 r{p} ≤ minp∈I2 r{1,2,p}. Similar arguments

hold for the other case when r{1}+minp∈I2 r{p} ≤ minp∈I2 {r{1}+r{2}+r{1,2,p}−r{1,2}}, namely

α{1} +α{2} +αφ ≤ R2 (3.87)
(a)= R1 +R2 − r{1} (3.88)
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≤ r{i } − r{1} (3.89)

≤ r{1,i } − r{1}. (3.90)

Step (a) follows by our assumption that the non-redundant rate pair of interest is

(r{1},minp∈I2 r{p} − r{1}).

Constraint (3.72) holds as a result of inequality (3.74) of the rate-region.

We proposed a universal choice of design parameters α{1,2}, α{2}, α{1}, αφ for which a random

zero-structured linear code given by equation (3.58), lets all receivers decode their messages

of interest (with a probability at least 1− K
|F| ). Therefore, given a rate pair (R1,R2), there exists a

zero-structured linear code achieving it, provided that the field size, |F|, is at least K . Note that

operation over smaller fields is also possible, by using vector coding.

3.3.4 Example

We conclude with an example that illustrates our code design for a specific instantiation.

Example 3.3. Consider the following channel matrices over finite field F2.

H1 =
[

1 0 0 0

0 0 1 1

]
(3.91)

H2 =
[

1 0 0 0

0 1 0 0

]
(3.92)

H3 =

 0 1 1 0

1 0 0 0

0 0 0 1

 (3.93)

H4 =

 1 0 0 0

0 1 0 0

0 0 1 1

 (3.94)

(3.95)

One may verify that rate-region of Theorem 3.1 is given as follows, for this example.

R1 ≤ 2 (3.96)

R1 +R2 ≤ 3 (3.97)

2R1 +R2 ≤ 4 (3.98)

We design Ã to achieve the corner point (RB
1 ,RB

2 ) = (1,2). Let the common message be

W1 = (w1,1) and the private message be W2 = (w2,1, w2,2).
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Basis B is formed by Bφ =




0

0

1

1


, B{2} =




0

1

0

0


, B{1} =




0

0

1

0


, and B{1,2} =




1

0

0

0




as explained in Section 3.3.1. This gives

V =
[

V{1,2} V{2} V{1} Vφ

]
=


1 0 0 0

0 1 0 0

0 0 1 1

0 0 0 1

 .

Our code design, using parameters (α{1,2},α{2},α{1},αφ) = (0,1,1,0) from equation (3.76), de-

signs matrix Ã as follows.

Ã =


ã1 0 0

ã2 0 ã5

ã3 ã4 0

ã6 ã7 ã8

 (3.99)

Furthermore, received signals Ỹi , i ∈ {1,2,3,4}, (from which each receiver i decodes its mes-

sage(s) of interest) is as follows.

Ỹ1 = H̃1ÃW =
[

ã1 0 0

ã3 ã4 0

] w1,1

w2,1

w2,2

 (3.100)

Ỹ2 = H̃2ÃW =
[

ã1 0 0

ã2 0 ã5

] w1,1

w2,1

w2,2

 (3.101)

Y3 = H̃3ÃW =

 0 1 1 1

1 0 0 0

0 0 0 1




ã1 0 0

ã2 0 ã5

ã3 ã4 0

ã6 ã7 ã8


 w1,1

w2,1

w2,2

 (3.102)

Y4 = H̃4ÃW =

 1 0 0 0

0 1 0 0

0 0 1 0




ã1 0 0

ã2 0 ã5

ã3 ã4 0

ã6 ã7 ã8


 w1,1

w2,1

w2,2

 (3.103)

One can readily verify that the following assignment for matrix Ã lets each receiver decode its
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message(s) of interest

Ã =


1 0 0

0 0 1

0 1 0

0 0 1

 . (3.104)

4

3.4 Extension to Three Nested Message Sets

In this section, we extend the results of Section 3.3 and prove achievability of the rate-region

in Theorem 3.2 (stated below). The converse to this theorem follows by the work of [63] and

we do not repeat the details in this thesis.

Theorem 3.2. Consider a linear deterministic broadcast channel with one public receiver

(indexed within I1 = {1}), one semi-private receiver (indexed within I2 = {2}), and many private

receivers (indexed within I3 = {3, . . . ,K }). A rate triple (R1,R2,R3) is achievable if and only if it

satisfies the following set of inequalities.

R1 ≤ min
i≥1

r{i } (3.105)

R1 +R2 ≤ min
j≥2

r{ j } (3.106)

R1 +R2 +R3 ≤ min
p≥3

r{p} (3.107)

2R1 +R2 +R3 ≤ min
p≥3

r{1} + r{2} + r{1,2,p} − r{1,2} (3.108)

where rS , S ⊆ {1, . . . ,K }, is defined in (3.2).

Proof. The proof follows along the same lines of our proof to Theorem 3.1. We reduce the

broadcast problem to an equivalent problem with the simpler channel matrices H̃1, . . . ,H̃K ,

and design a zero structured indeterminate encoding matrix that optimally encodes the

information into the signal X̃ which is the input to the equivalent broadcast channel. We then

find conditions on the structural parameters of matrix Ã such that it fulfills all the decodability

requirements at all receivers. Finally, we propose a proper choice of the parameters, together

with an assignment of matrix Ã which satisfies all constraints.

To simplify the proof, let us first identify the non-redundant rate tuples in the rate-region of

Theorem 3.2. Recall that a rate tuple is redundant, if it can be achieved from another rate tuple

by rate-transferring or if it is dominated by it. All the non-redundant rate tuples lie on the

facet R1 +R2 = mini≥2 r{i }. This is because of the following. Consider a rate (R1,R2,R3) in the

above rate-region. Transfer (gradually) δ parts of R3 to R2, until either R1 +R2 = mini≥2 r{i }
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or R3 = 0. if the latter was the case, one can go to a dominating rate tuple by increasing R2

until R1 +R2 = mini≥2 r{i }. Also, note in this case that inequalities (3.107) and (3.108) are not

tight (and hence limiting). On the facet R1 +R2 = mini≥2 r{i }, the rate tuples are dominated by

the rate tuples on the boundary; i.e., on the intersection of this facet with either of the facets

characterized in the following.

R1 = min
i≥1

r{i }, or (3.109)

R1 +R2 +R3 = min
p≥3

r{p}, or (3.110)

2R1 +R2 +R3 = min
p≥3

r{1} + r{2} + r{1,2,p} − r{1,2} (3.111)

The rate tuples on the facet (3.110) are all redundant rate triples, because every point on it

may be obtained by a rate transfer from R2 to R1, until either of inequalities (3.108) or (3.105)

become tight. So we only study rate triples on the facet R1 +R2 = min j≥2 r{ j }, intersected with

either R1 = mini≥1 r{i } or 2R1 +R2 +R3 = minp≥3 r{1} + r{2} + r{1,2,p} − r{1,2}.

We prove achievability of the non-redundant rate tuples of interest within the same lines of

the proof to Theorem 3.1; i.e., we reduce the problem to the equivalent broadcast channel

which is defined in (3.20)-(3.23).

We consider linear coding scheme at the source. Such a code is defined by an encoding matrix

Ã of size d × (R1 +R2 +R3) which maps the vector of messages W ∈ FR1+R2+R3 to X̃ ∈ Fd , the

input to the channel.

X̃ = ÃW

Here, the message vector W consists of three parts corresponding to the three messages

W1,W2,W3.

W =

 W1

W2

W3

 , where Wi ∈ FRi , i = 1,2,3.

We split the message W3 into two parts,

W3 =
[

W {1}
3

W φ
3

]
,

where W {1}
3 is of length α{1} and W φ

3 is of length αφ = R3 −α{1}. We now design Ã to be a

81



Chapter 3. Broadcasting Nested Message Sets Over Linear Deterministic Channels

zero-structured matrix as follows.

Ã =

R1←→ R2←→ α{1}↔ αφ↔
0 0 0

0 0

0 0


l
l
l
l

|B{1,2} |

|B{2} |

|B{1} |

|Bφ |

(3.112)

Finally, we find conditions on parameters α{1} and αφ that lets matrix Ã ensure all receivers’

decodability requirements. More precisely, we prove the following lemma.

Lemma 3.5. A random zero-structured encoding matrix Ã lets receiver 1 decode message W1,

receiver 2 decode messages W1,W2 and all private receivers p ∈ I3 decode messages W1,W2,W3

(with a probability at least 1− K
|F| ) provided that

Decodability constraint at public receiver 1

R1 +α{1} ≤ |B12|+ |B1| (3.113)

Decodability constraints at semi-private receiver 2

R2 ≤ |B2| (3.114)

R1 +R2 ≤ |B{1,2}|+ |B2| (3.115)

Decodability constraints at private receivers p ∈ I3

αφ ≤ r{1,2,p} − r{1,2} ∀p ∈ I3 (3.116)

α{1} +αφ ≤ r{2,p} − r{2} ∀p ∈ I3 (3.117)

R2 +αφ ≤ r{1,p} − r{1} ∀p ∈ I3 (3.118)

R2 +α{1} +αφ ≤ max

 r{1,p} − r{1},

r{2,p} − r{2},

r{p} − r{1} − r{2} + r{1,2}

 ∀p ∈ I3 (3.119)

R1 +R2 +R3 ≤ r{p} ∀p ∈ I3 (3.120)

Proof. Decodability constraints (3.113), and (3.116)-(3.120) are derived similar to inequalities

(3.61) and (3.68)-(3.72) in the previous Section. Inequalities (3.114)-(3.115) ensure decodabil-

ity of both messages W1,W2 at the semi-private receiver 2 (see Remark (2.2) of Chapter 2 for a

short discussion).

We now propose the following choice of parameters α{1} and αφ and we claim (and prove in

Appendix 3.A) that it is a valid choice.

α{1} = min(r1 −R1,R3)

αφ = (R3 − (r1 −R1))+
(3.121)
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Claim 3.1. Parameters α{1} and αφ, given in equation (3.121), satisfy all conditions of Lemma

3.5 for all every non-redundant rate tuple (which are all, as we argued, on the intersection of

R1 +R2 = r{2} with either R1 = mini≥1 r{i } or 2R1 +R2 +R3 = minp≥3 r{1} + r{2} + r{1,2,p} − r{1}).

Remark 3.2. The intuition behind the structure of encoding matrix Ã (in inequality (3.112)) is

the following. Since we consider rate-tuples which lie on the fact R1+R2 = min j≥2 r j , we are not

required to split message W3 into more than two parts (a part revealed to receiver 1 and a part

revealed only to the private receivers). This is because either we have R1 +R2 = minp≥3 rp for

which rate R3 is zero, or we have R1 +R2 = r2, for which no partial information about message

W3 could be revealed to semi-private receiver 2 (as it has a rank r2 and requires to decode a rate

equal to R1 +R2 = r2).

3.A Proof of Claim 3.1

The proof is to show satisfiability of each of inequalities (3.113)-(3.120) for the rate tuples

on the facet R1 +R2 = mini≥2 r{i }, once on its intersection with 2R1 +R2 = minp≥3 r{1} + r{2} +
r{1,2,p} − r{1,2} and once on its intersection with R1 = mini≥1 r{i }. We prove this case by case.

We start with the rate tuples which are on the intersection of facets R1 +R2 = mini≥2 r{i } and

2R1 +R2 = minp≥3 r{1} + r{2} + r{1,2,p} − r{1,2}.

• Constraint (3.113):

R1 +α{1} = R1 +min(r{1} −R1,R3)

= min(r{1},R1 +R3)

≤ r{1} = |B1|+ |B12|.

• Constraint (3.114):

R2 = R2 + (2R1 +R2 +R3)−min
k≥3

{r{1} + r{2} + r{1,2,k} − r{1,2}}

= min
j≥2

r{ j } +R1 +R2 +R3 −min
k≥3

{r{1} + r{2} + r{1,2,k} − r{1,2}}

≤ r{1,2} − r{1} −min
k≥3

r{1,2,k} +min
i≥3

r{i }

≤ r{1,2} − r{1} = |B2|.

• Constraint (3.115): holds trivially.

• Constraint (3.116):

αφ = (R3 − (r{1} −R1))+
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= max(0,2R1 +R2 +R3 −min
j≥2

r{ j } − r{1})

≤ r{1,2,p} − r{1,2} ∀p ∈ I3.

• Constraint (3.117):

α{1} +αφ = R3

= R1 +R2 +R3 −min
j≥2

r{ j }

≤ r{2,p} − r{2} ∀p ∈ I3.

• Constraint (3.118):

R2 +αφ = R2 + (R3 − (r{1} −R1))+

= max(R2 + (2R1 +R2 +R3)−min
k≥3

{r{1} + r{2} + r{1,2,k} − r{1,2}},R1 +R2 +R3 − r{1})

= max(min
j≥2

r{ j } +R1 +R2 +R3 −min
k≥3

{r{1} + r{2} + r{1,2,k} − r{1,2}},R1 +R2 +R3 − r{1})

≤ max(r{p} − r{1} + r{1,2} −min
k≥3

r{1,2,k},R1 +R2 +R3 − r{1})

≤ min
i≥3

r{1,p} − r{1} ∀p ∈ I3.

• Constraint (3.119):

R2 +R3 = R2 +R3 + (2R1 +R2 +R3)−min
k≥3

{r{1} + r{2} + r{1,2,k} − r{1,2}}

= 2(R1 +R2 +R3)−min
k≥3

{r{1} + r{2} + r{1,2,k} − r{1,2}}

≤ r{p} − r{1} − r{2} + r{1,2} +
(
min
i≥3

r{i } −min
k≥3

r{1,2,k}

)
≤ r{p} − r{1} − r{2} + r{1,2}

≤ max

 r{1,p} − r{1}

r{2,p} − r{2}

r{p} − r{1} − r{2} + r{1,2}

 ∀p ∈ I3.

• Constraint (3.120): it holds trivially.

A similar verification should be done for rate tuples on the intersection of facets R1 +R2 =
mini≥2 r{i } and R1 = mini≥1 r{i }.

• Constraints (3.113): similar to the other case.

• Constraints (3.114):

R2 = R2 + (R1 −min
i≥1

r{i })
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≤ min
j≥2

r{ j } −min
i≥1

r{i }

≤ r{1,2} − r{1} = |B2|

• Constraints (3.115): similar to the other case.

• Constraints (3.116): similar to the other case.

• Constraints (3.117): similar to the other case.

• Constraints (3.118):

R2 +αφ = R2 + (R3 − (r{1} −R1))+

= R2 +max(0,R1 +R3 − r{1})

= max(R2,R1 +R2 +R3 − r{1})

= max(min
j≥2

r{ j } −min
i≥1

r{i },R1 +R2 +R3 − r{1})

≤ r{1,p} − r{1} ∀p ∈ I3.

• Constraints (3.119):

R2 +α{1} +αφ = R2 +R3

= R1 +R2 +R3 −min
i≥1

r{i }

≤ max

 r{1,p} − r{1}

r{2,p} − r{2}

r{p} − r{1} − r{2} + r{1,2}

 ∀p ∈ I3.

• Constraints (3.120): similar to the other case.
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4 Broadcasting Nested Message Sets
over General Channels

In this chapter, we study achievable encoding/decoding schemes for broadcasting two nested

message sets over general (discrete memoryless) broadcast channels. The capacity region of

the general broadcast channel with two receivers and two nested message sets was established

in [43] by Korner and Marton to be the set of rate pairs (R1,R2) for which we have inequalities

(4.1)-(4.3) for some probability mass function p(u, x) with |U | ≤ min{|X |, |Y1|+ |Y2|+1}.

R1 ≤ I (U ;Y1) (4.1)

R2 ≤ I (X ;Y2|U ) (4.2)

R1 +R2 ≤ I (X ;Y2) (4.3)

The achievability o this region is by rate splitting and superposition coding. A strong converse

proof was given in [43] using the technique of images-of-a-set. In [57], Nair and El Gamal

characterized the capacity region of a class of three-receiver broadcast channels (known as

the 3−receiver multilevel broadcast channel) with two nested message sets. The achievability

proof uses rate splitting and superposition coding at the source and an indirect decoding

technique at the receiver ends. They also derived inner-bounds on the capacity region of

general broadcast channels with three receivers. The capacity region of a three-receiver

broadcast channel with nested message sets is still unknown.

4.1 Problem Formulation and Main Results

Consider a general memoryless broadcast channel with input alphabet X , K output alphabets

Y1, · · · , YK , and a collection of transition probabilities p(y1 . . . , yK |x), yi ∈ Yi , one for each

x ∈X . Over this channel, a source wants to communicate a common message W1 of rate R1

and a private message W2 of rate R2 such that m (public) receivers indexed by I1 = {1,2, . . . ,m}

recover the common message and K −m (private) receivers indexed by I2 = {m + 1, . . . ,k}

recover both the common and private messages with an arbitrarily small error probability. In
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p(y1, y2, y3|x)Encoder
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Ŵ1

Ŵ1

Ŵ1,Ŵ2

Figure 4.1: The 3-receiver broadcast channel with two degraded message sets: message M0 is
destined to all receivers and message M1 is destined to receiver Y1.

this section, we will be mostly considering the case where there are m = 2 public receivers

and one private receiver. Figure 4.1 shows such a broadcast channel. A coding scheme is a

sequence of ((2nR1 ,2nR2 ),n) codes consisting of an encoder which maps messages W1,W2 (over

a transmission block n) to signal X n ∈X n and K decoders each of which maps its received

signal Y n
i ∈Y n

i to its messages of interest. Here, by message(s) of interest we mean the set of

messages that are required to be decoded at a particular receiver, e.g., the message of interest

at a public receiver is the common message. A rate pair (R1,R2) is said to be achievable if there

exists a sequence of ((2nR1 ,2nR2 ),n) codes with error probability at every decoder decaying to

zero as n grows large.

Characterizing optimal rates of communication over a broadcast channel has proved to be

a hard problem. However, powerful techniques have been developed in the literature to

prove inner and outer bounds on the capacity region. Achievability schemes are through

random coding arguments. Standard techniques in (random) code design (at the encoder)

are rate splitting, superposition coding and Marton’s coding [24, 54], and standard decoding

techniques are successive decoding and joint unique decoding schemes [24, 34]. In [34],

Han and Kobayashi proposed a receiving strategy which performs a joint unique decoding

of messages of interest along with a subset of messages which are not of interest. We refer

to a decoder with such a decoding strategy, as a joint unique decoder. It is now well-known

that employing a joint unique decoder in the code design provides an achievable region

which is, in general, larger than if the receiver decodes the messages of interest while treating

all messages not of interest as noise. Recently, Nair and El Gamal [57] and Chong, Motani,

Garg, and El Gamal [19] independently proposed a generalization called indirect or non-

unique decoding where the decoder looks for the unique messages of interest while using the

codebook structure of all the messages (including the ones not of interest). Such a decoder

does not uniquely decode messages not of interest, though it might narrow it to a smaller list.

We refer to such a decoder, as an indirect decoder.

Joint unique decoder vs. Indirect decoder In both joint unique decoders and indirect de-

coders, decoding is performed by joint typical set decoding. A decoder at a certain destination

may, in general, examine a subset of messages which includes, but is not necessarily limited

to, the messages of interest to that destination. By the term examine, we mean that the de-
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coder will try to make use of the structure (of the codebook) associated with the messages it

examines. We say a coding scheme employs a joint unique decoder if every decoder tries to

uniquely decode all the messages it considers (and declare an error if there is ambiguity in any

of the messages, irrespective of whether such messages are of interest to the destination or

not). In contrast, we say that a coding scheme employs an indirect decoder if the decoder tries

to decode uniquely only the messages of interest to the destination and tolerates ambiguity in

messages which are not of interest.

4.1.1 Summary of results

We start this chapter by a brief review of the achievability scheme of Nair and El Gamal [57] in

Section 4.2, where an achievable rate region is established for a broadcast channel with two

public and one private receivers, through a coding scheme that employs indirect decoders. It

turns out that employing joint unique decoders, one can still achieve the same inner-bound

of [57]. The equivalence of the rate-region achievable employing indirect decoders and that

of joint unique decoders was observed in [57], but it was arrived at by comparing single

letter expressions for the two rate regions, and a hope was expressed that in general such an

equivalence may not exist.

Our first result in this chapter, developed in Section 4.3, is to provide an interpretation and a

systematic proof technique for why indirect decoding, in all known cases where it has been

employed, can be replaced by a particularly designed joint unique decoding strategy, without

any penalty from a rate-region viewpoint. In Section 4.3, we develop our intuition and proof

technique within the framework of [57] on the subject of broadcasting nested message sets

over general broadcast channels. Our technique is based on designing a special auxiliary

joint unique decoder which replaces the indirect decoder and sheds some light on why this

equivalence holds. This line of argument is applicable to all known instances where non-

unique (indirect) decoding has been employed in the literature, as we show in Appendix 4.C.

In Section 4.4, we generalize the ideas developed in Section 2.3 and we devise a block Markov

encoding scheme over general broadcast channels (rather than combination-network chan-

nels) and characterize its achievable rate-region. We show that this rate-region has certain

of the constraints relaxed. Understanding full capabilities of this scheme requires further

investigation.

4.2 A Code Design Employing Non-Unique Decoding (Nair and El

Gamal [57])

In [57], Nair and El Gamal provide an inner-bound to the capacity region of a three-receiver

broadcast channel with two nested message sets, where the achievable code design employs

indirect decoders. This is, in fact, the best known region for this problem. The encoding is

done by using ideas from rate splitting, superposition coding, and Marton’s coding and the
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decoding is via a strategy called indirect decoding1. We devote this section to a brief review of

this scheme. In order to be consistent, we have slightly changed the notation used in [57].

Let us first state the inner-bound.

Theorem 4.1 (Nair and El Gamal [57]). A rate pair (R1,R2) is achievable over a discrete memo-

ryless broadcast channel with two public receivers (I1 = {1,2}) and one private receiver (I2 = {3}),

if there exists real-valued parameters α{1,2},α{2},α{1},αφ and auxiliary random variables U{1,2},

U{2}, U{1} with a joint probability distribution p(u{1,2},u{2},u{1}, x), such that following con-

straints hold.

Rate splitting constraints:

R2 =α{1,2} +αφ+α{2} +α{1} (4.4)

α{1,2},αφ,α{2},α{1} ≥ 0 (4.5)

T{1} ≥α{1} (4.6)

T{2} ≥α{2} (4.7)

Encoding constraints:

T{2} +T{1} ≥α{2} +α{1} + I (U{2};U{1}|U{1,2}) (4.8)

Joint decoding constraints at private receiver 3:

αφ ≤ I (X ;Y3|U{1,2},U{2},U{1}) (4.9)

αφ+α{2} ≤ I (X ;Y3|U{1,2},U{1}) (4.10)

αφ+α{1} ≤ I (X ;Y3|U{1,2},U{2}) (4.11)

αφ+α{2} +α{1} ≤ I (X ;Y3|U{1,2}) (4.12)

R1 +α{1,2} +αφ+α{2} +α{1} ≤ I (X ;Y3) (4.13)

Indirect decoding constraint at public receiver 1:

R1 +α{1,2} +T{1} ≤ I (U{1,2},U{1};Y1). (4.14)

Indirect decoding constraint at public receiver 2:

R1 +α{1,2} +T{2} ≤ I (U{1,2},U{2};Y2) (4.15)

We now briefly review the achievable encoding and decoding scheme and refer the reader to

[57] for the details.

4.2.1 Random codebook generation and encoding

To design the codebook, split the private message W2 into four independent parts, W {1,2}
2 , W {2}

2 ,

W {1}
2 , and W φ

2 of non-negative rates α{1,2}, α{2}, α{1}, αφ, respectively. Let R2 = α{1,2} +α{2} +
α{1} +αφ, T{1} ≥α{1} and T{2} ≥α{2}. Fix a joint probability distribution p(u{1,2},u{2},u{1}, x).

1Work of [57] also discusses a generalization to three nested message sets
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Figure 4.2: The codebook generation in Subsection 4.2.1

The codebook is generated as follows. See Figure 4.2. Randomly and independently generate

2n(R0+α{1,2}) sequences U n
{1,2}(m1,m{1,2}

2 ), m1 ∈ [1 : 2nR0 ] and m{1,2}
2 ∈ [1 : 2nα{1,2} ], each distributed

according to
∏n

i=1 p(u{1,2},i ). For each sequence U n
{1,2}(m1,m{1,2}

2 ), generate randomly and

conditionally independently (i ) 2nT{1} sequences U n
{1}(m1,m{1,2}

2 , t{1}), t{1} ∈ [1 : 2nT{1} ], each

distributed according to
∏n

i=1 p(u{1},i |u{1,2},i ), and (i i ) 2nT{2} sequences U n
{2}(m1,m{1,2}

2 , t{2}),

t{2} ∈ [1 : 2nT{2} ], each distributed according to the distribution
∏n

i=1 p(u{2},i |u{1,2},i ). Randomly

partition the 2nT{1} sequences U n
{1}(m1,m{1,2}

2 , t{1}) into 2nα{1} bins B1(m1,m{1,2}
2 ,m{1}

2 ) and the

2nT{2} sequences U n
{2}(m1,m{1,2}

2 , t{2}) into 2nα{2} bins B1(m1,m{1,2}
2 ,m{2}

2 ). In each product bin

B1(m1,m{1,2}
2 ,m{1}

2 )×B2(m1,m{1,2}
2 ,m{2}

2 ), choose one (random) jointly typical sequence pair

(U n
{1}(m1,m{1,2}

2 , t{1}),U n
{2}(m1,m{1,2}

2 , t{2})). If there is no such pair, declare an error whenever

the message (m1,m{1,2}
2 ,m{2}

2 ,m{1}
2 ) is to be transmitted. The probability of such an error

goes to zero as n →∞ if inequalities (4.6)-(4.8) hold. Finally for each chosen jointly typical

pair (U n
{1}(m1,m{1,2}

2 , t{1}),U n
{2}(m1,m{1,2}

2 , t{2})) in each product bin (m{1}
2 ,m{2}

2 ), randomly and

conditionally independently generate 2nαφ sequences X n(m1,m{1,2}
2 ,m{2}

2 ,m{1}
2 ,mφ

2 ), mφ
2 ∈ [1 :

2nαφ], each distributed according to distribution
∏n

i=1 p(xi |u{1,2},i u{2},i ,u{1},i ).

To send the message pair (m1,m2), where m2 is expressed as (m{1,2}
2 ,m{2}

2 ,m{1}
2 ,mφ

2 ), the en-

coder sends the codeword X n(m1,m{1,2}
2 ,m{2}

2 ,m{1}
2 ,mφ

2 ).

4.2.2 Joint decoding vs. non-unique (indirect) decoding

Each decoder outputs an estimate of its messages of interest after observing its received signal.

Receiver Y3 jointly and uniquely decodes all messages W1, W {1,2}
2 , W {2}

2 , W {1}
2 , W φ

2 . Receivers

Y1 and Y2, however, decode W1 indirectly. More precisely,

• Receiver Y1 declares that the message pair (W1,W {1,2}
2 ) = (m1,m{1,2}

2 ) was sent if it finds a

unique pair of indices (m1,m{1,2}
2 ) for which the received signal Y n

1 is jointly typical with
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(U n
{1,2}(m1,m{1,2}

2 ),U n
{1}(m1,m{1,2}

2 , t{1})) for some index t{1} ∈ [1 : 2nT{1} ]. The probability of

error tends to zero for this decoder as n →∞ if inequality (4.14) holds.

• Receiver Y2 is similar to receiver Y1 with U{2} and t{2}, respectively, instead of U{1} and

t{1}. The probability of error tends to zero for this decoder as n →∞ if inequality (4.15)

holds.

• Receiver Y3 declares that the message tuple (m1,m{1,2}
2 ,m{2}

2 ,m{1}
2 ,mφ

2 ) was sent if it is the

unique quintuple such that the received signal Y n
3 is jointly typical with (U n

{1,2}(m1,m{1,2}
2 ),

U n
{2}(m1,m{1,2}

2 , t{2}),U n
{1}(m1,m{1,2}

2 , t{1}), X n(m1,m{1,2}
2 ,m{2}

2 ,m{1}
2 ,mφ

2 )), where index m{1}
2

is the product bin number of U n
{1}(m1,m{1,2}

2 , t{1}) and index m{2}
2 is the product bin num-

ber of U n
{2}(m1,m{1,2}

2 , t{2}). The probability of error tends to zero for this decoder as

n →∞ if inequalities in (4.9)-(4.13) holds.

The reader is referred to [57] for the analysis of the error probabilities. The above encoding/de-

coding scheme achieves all rate pairs (R1,R2) for which inequalities (4.4) to (4.15) are satisfied

for a joint distribution p(u{1,2},u{2},u{1}, x).

Note that the indirect decoding constraint in (4.14) does not ensure unique decodability

of index t{1} (and therefore message W {1}
2 ) at receiver 1; i.e., the indirect decoder does not

disambiguate uniquely message W {1}
2 .

In contrast, a joint unique decoder, if employed in the code design, decodes W1 by looking for

the unique index triple (m1,m{1,2}
2 , t{1}) (and therefore unique message triple (W1,W {1,2}

2 ,W {1}
2 ))

for which received signal Y n
1 is jointly typical with (U n

{1,2}(m1,m{1,2}
2 ),U n

{1}(m1,m{1,2}
2 , t{1})). For

such a decoder, the probability of error tends to zero as n grows large if the following two

inequalities hold (the reader is referred to [57] for the analysis).

T{1} ≤ I (U{1};Y1|U{1,2}) (4.16)

R1 +α{1,2} +T{1} ≤ I (U{1,2},U{1};Y1) (4.17)

We refer to these two inequalities as the joint unique decoding constraint at public receiver 1.

In [57, Remark 5.6], authors compare the achievable rate-region of Theorem 4.1 (when indirect

decoders are employed) to the rate-region that is achievable employing joint unique decoders,

by examining the single letter characterizations of the two regions. They remark that the two

regions are equivalent and they express hope that this equivalence may not exist in general.

We discuss this equivalence in the next section and provide a (generalizable) proof technique

and an explanation for why indirect decoding schemes could be replaced by joint unique

decoding schemes in the achievable scheme of [57] as well as all other instances employed

in the literature. We discuss further implications of establishing such equivalence results in

Section 4.4, where we devise a block Markov encoding scheme and we compare its achievable

rate-region with the rate-region of [57]. We would like to note that analysis using indirect
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decoding can often give a more compact representation of the rate-region – a fact observed in

[57] and [19] – which still makes it a valuable tool for analysis.

4.3 Is Non-Unique Decoding Necessary?

Since their appearance in [19] and [57], non-unique (or indirect) decoding has played a role

in achievability schemes in different multi-terminal problems such as [18, 8, 58, 52]. As we

mentioned in Section 4.2, it turns out that the same inner-bound of [57] can be achieved

employing joint unique decoders. The equivalence of the rate-region achievable by non-

unique decoding and that of joint unique decoding was observed in [57], but it was arrived

at by comparing single letter expressions for the two rate-regions. A similar equivalence

was also noticed in [19], again by comparing single-letter expressions. Similarly, for noisy

network coding [52], such an equivalence is proved in [46]. In this section, we provide an

interpretation and a systematic proof technique for why indirect decoding, in all known

cases where it has been employed, can be replaced by a particularly designed joint unique

decoding strategy, without any penalty from a rate-region viewpoint. In particular, we prove

the following theorem (on broadcast channels with two nested message sets) and defer the

similar discussions on the non-unique decoding schemes in the literature to Appendix 4.C.

Theorem 4.2. For every rate pair (R1,R2) satisfying the inner-bound of Theorem 4.1, there exists

an encoding scheme employing a joint unique decoding scheme that achieves the same rate

pair.

4.3.1 Why joint unique decoding suffices in the scheme of Nair and El Gamal

We proved achievability of the rate-region in Theorem 4.1 in Section 4.2 using non-unique

(indirect) decoding at public receivers. Fix the codebook generation and encoding scheme to

be that of Section 4.2. We will demonstrate how a joint unique decoding scheme suffices by

following these steps:

(1) We first analyze the indirect decoder to characterize regimes where it uniquely decodes

all the messages it considers and regimes where it decodes some of the messages non-

uniquely.

(2) For each of the regimes, we deduce that the indirect decoder may be replaced by a joint

unique decoder.

For the rest of this section, we only consider decoding schemes at receiver 1. Similar arguments

are valid for receiver 2 due to the symmetry of the problem.

Let the rate pair (R1,R2) be such that the indirect decoder of receiver 1 decodes message W1

with high probability; i.e., the indirect decoding constraint (4.15) is satisfied. Consider the

following two regimes:
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(a) R1 +α{1,2} < I (U{1,2};Y1).

(b) R1 +α{1,2} > I (U{1,2};Y1),

In regime (a), it is clear from the defining condition that a joint unique decoder which de-

codes (W1,W {1,2}
2 ) = (m1,m{1,2}

2 ) by finding the unique sequence U n
{1,2}(m1,m{1,2}

2 ) such that

(U n
{1,2}(m1,m{1,2}

2 ),Y n
1 ) is jointly typical will succeed with high probability. This is the joint

unique decoder we may use in place of the indirect decoder for this regime. Notice that in this

regime, while the indirect decoder obtains m1 and m{1,2}
2 uniquely with high probability, it may

not necessarily succeed in decoding t{1} uniquely. Indeed, in this regime insisting on jointly

decoding U n
{1,2}(m1,m{1,2}

2 ) and U n
{1}(m1,m{1,2}

2 , t{1}) uniquely could, in some cases, result in a

strictly smaller achievable region.

Regime (b) is the more interesting regime. Here it is clear that simply decoding for (W1,W {1,2}
2 )

and treating all other messages as noise will not work. Indirect decoding must indeed be

taking advantage of the codeword U n
{1} as well. The indirect decoder looks for a unique pair

of messages (m1,m{1,2}
2 ) such that there exists some index t{1} for which we have that tuple

(U n
{1,2}(m1,α{1,2}),U n

{1}(m1,m{1,2}
2 , t{1}),Y n

1 ) is jointly typical. One may, in general, expect that

there could be several choices of t{1} even in this regime. An important observation is that,

in this regime, there is (with high probability) only one choice for t{1}. In other words, in this

regime, receiver 2 decodes t{1} uniquely along with m1 and m{1,2}
2 . To see this, notice that using

inequality (4.14) and (b) above, we have

T{1} ≤ I (U{1};Y1|U{1,2}). (4.18)

Inequalities (4.15) and (4.18) together guarantee that a joint unique decoder can jointly and

uniquely decode messages W1,W {1,2}
2 , and W {1}

2 with high probability; In other words, in

regime (b) the indirect decoder ends up with a unique decoding of the satellite codeword

U n
{1}(m1,m{1,2}

2 , t{1}) with high probability. i.e., we may replace the indirect decoder with a joint

unique decoder for messages W1, W {1,2}
2 , W {1}

2 . To summarize loosely, whenever the indirect

decoder is forced to derive information from the codeword U n
{1} (i.e., when treating U n

{1} as

noise will not result in correct decoding), the indirect decoder will recover this codeword also

uniquely. We make this loose intuition more concrete in Section 4.3.2.

The same argument goes through for receiver 2 and this shows that insisting on jointly and

uniquely decoding at all receivers is not restrictive in this problem. Thus, we have proved

Theorem 4.2.

The idea behind the proof of Theorem 4.2 was simple and general. Consider an indirect

decoder which is decoding some messages of interest. The message of interest in our problem,

for example, is W1. Along with this message of interest, the decoder might also decode certain

other messages, W {1,2}
2 and W {1}

2 for example. The two main steps of the proof is then as

follows.
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(1) Analyze the indirect decoder to determine what messages it decodes uniquely. De-

pending on the regime of operation, the indirect decoder ends up uniquely decoding a

subset of its intended messages, and non-uniquely the rest of its intended messages. For

example in regime (a) above, the indirect decoder uniquely decodes only W1 and W {1,2}
2

and it might not be able to settle on W {1}
2 . While in regime (b), the indirect decoder ends

up decoding all of its three messages W1, W {1,2}
2 , and W {1}

2 uniquely.

(2) In each regime of operation characterized in step (1), use a joint unique decoder to

only decode the messages that the indirect decoder uniquely decodes. In the above

proof, this would be a joint unique decoder that decodes W1 and W {1,2}
2 in regime (a)

and a joint unique decoder that decodes messages W1, W {1,2}
2 , and W {1}

2 in regime (b).

Verify that the resulting joint unique decoder does support the corresponding part of

the rate-region achieved by the indirect decoding scheme.

Though the idea is generalizable, analyzing the indirect decoder in step (1) is a tedious task.

Even for this very specific problem, it may not be entirely clear how the condition dividing cases

(a) and (b) can be derived. Next, we try to resolve this using an approach which generalizes

more easily.

4.3.2 An alternative proof to Theorem 4.2: an auxiliary decoder

We take an alternative approach in this section to prove Theorem 4.2. The proof technique

we present here has the same spirit as the proof in Section 4.3.1, but the task of determining

which subset of messages should be decoded in what regimes will be implicit rather than

explicit as before. To this end, we introduce an auxiliary decoder which serves as a tool to help

us develop the proof ideas. We do not propose this more complicated auxiliary decoder as a

new decoding technique, but only as a proof technique to show sufficiency of joint decoding

in the problem of [57]. We analyze the auxiliary decoder at receiver 1 and show that under the

random coding experiment, it decodes correctly with high probability if the indirect decoding

constraint (4.15) holds. From this auxiliary decoder and its performance, we will then be

able to conclude that there exists a joint unique decoding scheme that succeeds with high

probability.

We now define the auxiliary decoder. The auxiliary decoder at receiver 1 is a more involved

decoder which has access to two component joint unique decoders:

• A joint unique decoder which decodes messages W1 and W {1,2}
2 jointly and uniquely. It

finds W1, and W {1,2}
2 by looking for the unique sequence U n

{1,2}(m1,m{1,2}
2 ) for which the

pair (U n
{1,2}(m1,m{1,2}

2 ),Y n
1 ) is jointly typical, and declares an error if there exists no such

unique sequence.

• A joint unique decoder which decodes messages W1, W {1,2}
2 and W {1}

2 jointly and uniquely.

It finds W1, W {1,2}
2 , and W {1}

2 by looking for the unique sequences U n
{1,2}(m1,m{1,2}

2 )
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and U n
{1}(m1,m{1,2}

2 , t{1}) such that the triple (U n
{1,2}(m1,m{1,2}

2 ),U n
{1}(m1,m{1,2}

2 , t{1}),Y n
1 )

is jointly typical, and declares an error when such sequences do not exist.

The auxiliary decoder declares an error if either (a) both component decoders declare errors,

or (b) if both of them decode and their decoded (W1,W {1,2}
2 ) messages do not match. In all

other cases it declares the (W1,W {1,2}
2 ) output of a component decoder which did not declare

an error as the decoded message.

We analyze the error probability under the random coding experiment of such an auxiliary

decoder at receiver 1 and prove that for any ε> 0, there is a large enough n such that

Pr(error at the auxiliary decoder)

≤ ε+21+n(R1+α{1,2}+T{1}−I (U{1,2},U{1};Y1)+6ε). (4.19)

Inequality (4.19) shows that for large enough n and under the indirect decoding constraint

(4.15), the auxiliary decoder has an arbitrary small probability of error.

We start by stating the following lemma which is proved in Appendix 4.A.

Lemma 4.1. Fix the probability distribution pU ,V ,Y (u, v, y) and the typical set An
ε (U ,V ,Y )

corresponding to it. Consider a quadruple of sequences (U n ,Ũ n ,V̂ n ,Y n), such that

• Ũ n is independent of (U n ,V̂ n ,Y n) and has the distribution
∏

i pU (ũi ),

• U n has the distribution
∏

i pU (ui ),

• Y n and V̂ n are independent conditioned on U n ,

• (U n ,Y n) has the joint distribution
∏

i pU ,Y (ui , yi ),

• (U n ,V̂ n) has the joint distribution
∏

i pU ,V (ui , v̂i ).

Then, probability Pr((Ũ n ,Y n) ∈ An
ε (U ,Y ), (U n ,V̂ n ,Y n) ∈ An

ε (U ,V ,Y )) is upper-bounded by

2−n(I (U ,V ;Y )−6ε).

Assume now that (m1,m{1,2}
2 ,m{2}

2 ,m{1}
2 ,mφ

2 ) = (1,1,1,1,1) is sent and indices t{1} and t{2} in the

encoding procedure are (t{1}, t{2}) = (1,1). We analyze in the rest of this section the probability

that receiver 1 declares W1 6= 1. By the symmetry of the random code construction, the

conditional probability of error does not depend on which tuple of indices is sent. Thus, the

conditional probability of error is the same as the unconditional probability of error and there

is no loss of generality in our assumption.

Conditioned on (m1,m{1,2}
2 ,m{2}

2 ,m{1}
2 ,mφ

2 , t{1}, t{2}) = (1,1,1,1,1,1,1), receiver 1 makes an error

in decoding W1 only if at least one of the following events occur:
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E1 : The channel is atypical: the triple (U n
{1,2}(1,1),U n

{1}(1,1,1), Y n
1 ) is not jointly typical.

E2 : The first or the second decoder uniquely decodes, but incorrectly: there is a unique pair

(m̃1,m̃{1,2}
2 ) 6= (1,1) such that (U n

{1,2}(m̃1,m̃{1,2}
2 ),Y n

1 ) is jointly typical, or there is a unique

triple (m̂1,m̂{1,2}
2 , t̂{1}) 6= (1,1,1) such that (U n

{1,2}(m̂1,m̂{1,2}
2 ),U n

{1}(m̂1,m̂{1,2}
2 , t̂{1}),Y n

1 ) is

jointly typical.

E3 : Both decoders declare errors: there are at least two distinct index pairs (m̃1,m̃{1,2}
2 ) and

(m̆1,m̆{1,2}
2 ) such that both pairs (U n

{1,2}(m̃1,m̃{1,2}
2 ),Y n

1 ) and (U n
{1,2}(m̆1,m̆{1,2}

2 ),Y n
1 ) are

jointly typical; and similarly there are at least two distinct triples (m̂1,m̂{1,2}
2 , t̂{1}) and

(m̌1,m̌{1,2}
2 , ť{1}) such that both triples (U n

{1,2}(m̂1,m̂{1,2}
2 ),U n

{1}(m̂1,m̂{1,2}
2 , t̂{1}), Y n

1 ) and

(U n
{1,2}(m̌1,m̌{1,2}

2 ), U n
{1}(m̌1,m̌{1,2}

2 , ť{1}),Y n
1 ) are jointly typical.

Therefore, the probability that receiver 1 makes an error is upper-bounded in terms of the

above events:

Pr(error at the auxiliary decoder)

≤ Pr(E1)+Pr(E1|E2)+Pr(E3)

≤ ε+0+Pr(E3). (4.20)

where (4.20) follows because Pr(E1) = Pr((U n
{1,2}(1,1),U n

{1}(1,1,1),Y n
1 ) ∉ An

ε ) ≤ ε (ensured by the

encoding and the Asymptotic Equipartition Property), and Pr(E2|E1) = 0. To upper-bound

Pr(E3), we write

Pr(E3)
(a)≤ Pr


(U n

{1,2}(m̃1,m̃{1,2}
2 ),Y n

1 ) ∈ An
ε

for some (m̃1,m̃{1,2}
2 ) 6= (1,1)

(U n
{1,2}(m̂1,m̂{1,2}

2 ),U n
{1}(m̂1,m̂{1,2}

2 , t̂{1}),Y n
1 ) ∈ An

ε

for some (m̂1,m̂{1,2}
2 , t̂{1}) 6= (1,1,1)

 (4.21)

≤ Pr


(U n

{1,2}(m̃1,m̃{1,2}
2 ),Y n

1 ) ∈ An
ε

for some (m̃1,m̃{1,2}
2 ) 6= (1,1)

(U n
{1,2}(m̂1,m̂{1,2}

2 ),U n
{1}(m̂1,m̂{1,2}

2 , t̂{1}),Y n
1 ) ∈ An

ε

for some (m̂1,m̂{1,2}
2 ) 6= (1,1) and t̂{1}

 (4.22)

+ Pr


(U n

{1,2}(m̃1,m̃{1,2}
2 ),Y n

1 ) ∈ An
ε

for some (m̃1,m̃{1,2}
2 ) 6= (1,1), and all the

(U n
{1,2}(m̂1,m̂{1,2}

2 ),U n
{1}(m̂1,m̂{1,2}

2 , t̂{1}),Y n
1 ) ∈ An

ε are s.t.

(m̂1,m̂{1,2}
2 ) = (1,1) with at least one s.t. t̂{1} 6= 1


In the above chain of inequalities, (a) holds because event E3 is a subset of the event in the

right hand side.

It is worthwhile to interpret inequality (4.22). The error event of interest, roughly speaking, is
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partitioned into the following two events:

(1) The auxiliary decoder makes an error and the indirect decoder of Section 4.2 also makes

an error.

(2) The auxiliary decoder makes an error but the indirect decoder of Section 4.2 decodes

correctly. We will show that the probability of this event is small. Note that under this

error event, (a) component decoder 1 fails (i.e., component decoder 1 either declares

an error or produces an incorrect result, thus it is not possible to decode (W1,W {1,2}
2 ) by

treating U n
{1} as noise), but still (b) indirect decoder succeeds (i.e., the indirect decoder

must be deriving useful information by considering U n
{1}). By showing that this error

event has a small probability, we in effect show that whenever (a) and (b) hold, it is

possible to jointly and uniquely decode the U n
{1} codeword as well. This makes the rough

intuition from Section 4.3.1 more concrete.

To bound the error probability we bound the two terms of inequality (4.22) separately. First

term of equation (4.22) is upper-bounded by the probability of the indirect decoder making

an error.

Pr

(
(U n

{1,2}(m̂1,m̂{1,2}
2 ),U n

{1}(m̂1,m̂{1,2}
2 , t̂{1}),Y n

1 ) ∈ An
ε

for some (m̂1,m̂{1,2}
2 ) 6= (1,1) and t̂{1}

)
≤ 2nT{1} 2n(R1+α{1,2})2−n(I (U{1,2},U{1};Y1)−3ε). (4.23)

The second term of inequality (4.22) is upper-bounded as follows.

Pr


(U n

{1,2}(m̃1,m̃{1,2}
2 ),Y n

1 ) ∈ An
ε

for some (m̃1,m̃{1,2}
2 ) 6= (1,1), and all the

(U n
{1,2}(m̂1,m̂{1,2}

2 ),U n
{1}(m̂1,m̂{1,2}

2 , t̂{1}),Y n
1 ) ∈ An

ε are s.t.

(m̂1,m̂{1,2}
2 ) = (1,1) with at least one s.t. t̂{1} 6= 1

 (4.24)

≤ ∑
t̂{1} 6=1

(m̃1,m̃{1,2}
2 )6=(1,1)

Pr

(
(U n

{1,2}(m̃1,m̃{1,2}
2 ),Y n

1 ) ∈ An
ε and

(U n
{1,2}(1,1),U n

{1}(1,1, t̂{1}),Y n
1 ) ∈ An

ε

)
(4.25)

≤ 2n(R1+α{1,2}+T{1}) Pr

(
(U n

{1,2}(m̃1,m̃{1,2}
2 ),Y n

1 ) ∈ An
ε and

(U n
{1,2}(1,1),U n

{1}(1,1,t̂{1}),Y n
1 )∈An

ε

)
(4.26)

(a)≤ 2n(R1+α{1,2}+T{1})2−n(I (U{1,2},U{1};Y1)−6ε), (4.27)

where we have (m̃1,m̃{1,2}
2 ) 6= 1 and t̂{1} 6= 1 in the event in inequality (4.26) and (a) follows from

Lemma 4.1.

We conclude the error probability analysis by putting together inequalities (4.20), (4.22), (4.23),
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and (4.27) to obtain

Pr(error at the auxiliary decoder)

≤ ε+2n(R1+α{1,2}+T{1})2−n(I (U{1,2},U{1};Y1)−3ε)

+2n(R1+α{1,2}+T{1})2−n(I (U{1,2},U{1};Y1)−6ε)

≤ ε+21+n(R1+α{1,2}+T{1}−I (U{1,2},U{1};Y1)+6ε).

So for large enough n, the auxiliary decoder succeeds with high probability if the indirect

decoding constraint (4.15) is satisfied.

One can now argue that if the auxiliary decoder succeeds with high probability for an oper-

ating point, then there also exists a joint unique decoding scheme that succeeds with high

probability. The idea is that for all operating points (except in a subset of the rate-region of

measure zero), each of the two component joint unique decoders 1 and 2 have either a high

or a low probability of success. So, if the operating point is such that the auxiliary decoder

decodes correctly with high probability, then at least one of the component decoders should

also decode correctly with high probability, giving us the joint unique decoding scheme we

were looking for. This is summarized in Lemma 4.2 below (see Appendix 4.B for a proof).

Lemma 4.2. Given any operating point (except in a subset of the rate-region of measure zero),

if the auxiliary decoder succeeds with high probability under the random coding experiment,

then there exists a joint unique decoding scheme that also succeeds with high probability.

A similar argument goes through for receiver 2. The random coding argument for the joint

unique decoding scheme can now be completed as usual.

Remark 4.1. In Subsections 4.3.1 and 4.3.2, we did not consider cases where R1 +α{1,2} =
I (U{1,2};Y1) or R1 +α{1,2} = I (U{1,2};Y2) (i.e., a subset of measure zero). This is enough since we

may get arbitrarily close to such points.

Remark 4.2. In Subsections 4.3.1 and 4.3.2, we fixed the encoding scheme to be that of [57]. The

message splitting and the structure of the codebook is therefore a priori assumed to be that of

[57], even when R1+α{1,2} < I (U{1,2};Y1) and message W {1}
2 is not jointly decoded at Y1. However,

in such cases this extra message structure is not required and one can consider message W {1}
2 as

a part of message W φ
2 .

The technique of using an auxiliary decoder with many joint unique decoders to prove equiv-

alency of the achievable rate-region using indirect decoders and joint unique decoders can

be generalized to other instances where non-unique (indirect decoding) has appeared. We

refer the reader to Appendix 4.C for details on how we may adapt this technique to the prob-

lems studied in [18, 8, 58], where indirect decoding is employed and show that non-unique

(indirect) decoding scheme is superfluous from the rate-region point of view.
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4.4 Block Markov Encoding Schemes: an Achievable Region

In Section 4.2, we reviewed the existing encoding/decoding techniques over broadcast chan-

nels. We also developed a proof technique to show equivalence of joint unique and indirect

decoding schemes for several cases. In this section, we seek new encoding techniques that

allow communication of two nested message sets over broadcast channels. We use the ideas

and intuitions that we developed within the framework of linear deterministic broadcast

channels (and in particular over combination-network channels). We saw in Section 2.3 that

the simple block Markov encoding scheme that was designed with the use of a linear super-

position multicast code turned out to be optimal for three (or less) public and many private

receivers. We also presented examples (with three or four public and many private receivers)

where it achieved higher rates of transmission compared to linear superposition codes.

In this section, we investigate potentials of block Markov encoding schemes over general

channels. While understanding full capabilities of such schemes needs further investigation,

as we will comment, we discuss some immediate benefits that such schemes may offer by

confining our discussions to the simplest settings . We start by a three-receiver broadcast

channel (with two public and one private receivers) and we show how to adapt techniques of

Section 2.3 for this channel to derive new achievable rate-regions. We will comment on how

the same ideas work for channels with more receivers, and what benefits it may offer.

Consider a three-receiver broadcast channels with input signal X , output signals Y1, Y2, Y3,

and transition probabilities p(y1, y2, y3|x), where Y1 and Y2 are signals available to public

receivers and Y3 is the signal available to the private receiver. For this channel, we prove the

following coding theorem.

Theorem 4.3. Rate pair (R1,R2) is achievable if there exists real-valued parameters γ{1,2}, γ{2},

γ{1}, γφ and auxiliary random variables U{1,2}, U{2}, U{1} such that the following inequalities

hold for a joint probability mass function given by p(u{1,2},u{2},u{1}, x).

Rate-splitting constraint:

R2 = γ{1,2} +γ{2} +γ{1} +γφ (4.28)

Relaxed non-negativity constraints:

γ{1,2} ≥ 0 (4.29)

γ{1} +γ{1,2} ≥ 0 (4.30)

γ{2} +γ{1,2} ≥ 0 (4.31)

γ{2} +γ{1} +γ{1,2} ≥ 0 (4.32)

Encoding constraints:

Γ{1} ≥ γ{1} (4.33)

Γ{2} ≥ γ{2} (4.34)

Γ{1} +Γ{2} ≥ γ{1} +γ{2} + I (U{1};U{2}|U{1,2}) (4.35)
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Decoding constraints at private receiver 3:

R1 +γ{1,2} +γ{2} +γ{1} +γφ ≤ I (X ;Y3) (4.36)

γ{2} +γ{1} +γφ ≤ I (X ;Y3|U{1,2}) (4.37)

γ{1} +γφ ≤ I (X ;Y3|U{2},U{1,2}) (4.38)

γ{2} +γφ ≤ I (X ;Y3|U{1},U{1,2}) (4.39)

γφ ≤ I (X , ;Y3|U{2},U{1},U{1,2}) (4.40)

Decoding constraints at public receiver 1:

R1 +γ{1,2} +Γ{1} ≤ I (U{1},U{1,2};Y1) (4.41)

Γ{1} ≤ I (U{1};Y1|U{1,2}) (4.42)

Decoding constraints at public receiver 2:

R1 +γ{1,2} +Γ{2} ≤ I (U{2},U{1,2};Y2) (4.43)

Γ{2} ≤ I (U{2};Y2|U{1,2}) (4.44)

Note that by Theorem 4.2, it is immediate that this region is a relaxation of the rate-region of

Theorem 4.1.

Proof outline. We adapt the block Markov encoding scheme of Section 2.3 over general broad-

cast channels to prove Theorem 4.3. Recall the step-by-step approach of Section 2.3. We argue

along the same lines.

1. In the first step, we form an extended broadcast channel. To do so, we take the original

channel (with input signal X , output signals Y1, Y2, Y3, and transition probabilities

p(y1, y2, y3|x)) and from it, we form an extended broadcast channel with input signal X ′

and output signals Y ′
1,Y ′

2,Y ′
3, as follows.

X ′ = (X ,V{1,2},V{2},V{1},Vφ),

Y ′
1 = (Y1,V{1,2},V{1}),

Y ′
2 = (Y2,V{1,2},V{2}),

Y ′
p = (X ,V{1,2},V{2},V{1},Vφ),

(4.45)

where variables VS , S ⊆ {1,2}, take their values in an alphabet set VS of size 2βS . Note that

VS is available at the private receiver and the public receivers in the set S. See Figure

4.3. We refer to variables VS , S ⊆ {1,2}, as the virtual signals. The end-destinations of a

virtual signal is the set of receivers to which the virtual signal is available.

2. In the second step, we design a (more general) broadcast code over the extended channel.

We say that a broadcast code achieves rate tuple (R1,α{1,2},α{2},α{1},αφ), if it commu-

nicates message W ′
1 (of rate R1) and messages W ′S

2 of rates αS , S ⊆ {1,2}, so that public

receiver 1 reliably decodes W ′
1, W ′{1,2}

2 , W ′{1}
2 , public receiver 2 reliably decodes W ′

1,
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p(y1, y2, y3|x)

X ′

X

V{1,2}

V{1}

V{2}

Vφ

Y ′
3

Y ′
2

Y ′
1

Figure 4.3: Extended broadcast channel obtained from broadcast channel p(y1, y2, y3|x) and
virtual signals V{1,2}, V{2}, V{1}, Vφ.

W ′{1,2}
2 , W ′{2}

2 , and private receiver 3 decodes W ′
1, W ′{1,2}

2 , W ′{2}
2 , W ′{1}

2 ,W ′φ
2 .

To design such a broadcast code, one can follow the standard techniques of superposi-

tion coding and Marton’s coding followed by joint unique decoding at all decoders. Such

an encoding scheme achieves (over the extended broadcast channel p(y ′
1, y ′

2, y ′
3|x)) a

rate tuple (R1,α{1,2},α{2},α{1},αφ) provided that the following inequalities hold for a joint

probability distribution p(u′
{1,2},u′

{2},u′
{1}, x ′). We refer the reader to Section 4.2 for the

detailed description of the encoding scheme and we emphasize that the code employs

joint unique decoding.

Encoding constraints:

T{1} ≥α{1} (4.46)

T{2} ≥α{2} (4.47)

T{1} +T{2} ≥α{1} +α{2} + I (U ′
{1};U

′
{2}|U ′

{1,2}) (4.48)

Decoding constraints at private receiver 3:

R1 +α{1,2} +α{2} +α{1} +αφ ≤ I (X ′;Y ′
3) (4.49)

α{2} +α{1} +αφ ≤ I (X ′;Y ′
3|U ′

{1,2}) (4.50)

α{1} +αφ ≤ I (X ′;Y ′
3|U ′

{2},U
′
{1,2}) (4.51)

α{2} +αφ ≤ I (X ′;Y ′
3|U ′

{1},U
′
{1,2}) (4.52)

αφ ≤ I (X ′;Y ′
3|U ′

{2},U
′
{1},U

′
{1,2}) (4.53)

Decoding constraints at private receiver 1:
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R1 +α{1,2} +T{1} ≤ I (U ′
{1},U

′
{1,2};Y ′

1) (4.54)

T{1} ≤ I (U ′
{1};Y ′

1|U ′
{1,2}) (4.55)

Decoding constraints at private receiver 2:

R1 +α{1,2} +T{2} ≤ I (U ′
{2},U

′
{1,2};Y ′

2) (4.56)

T{2} ≤ I (U ′
{2};Y ′

2|U ′
{1,2}) (4.57)

3. In the third step, we emulate the virtual signals as follows. To have the virtual signals

emulatable, the broadcast code should be such that it can accommodate the information

of the virtual signals within the message sets that it communicates. Given the broadcast

code above which achieves rate tuple (R1,α{1,2},α{2},α{1},αφ), all virtual signals VS , S ⊆
{1,2}, (where VS takes its values within an alphabet of size 2βS ) are emulatable provided

that inequalities (4.58)-(4.61) below hold. This is a direct consequence of Lemma 2.6.

β{1,2} ≤α{1,2} (4.58)

β{2} +β{1,2} ≤α{1} +α{1,2} (4.59)

β{1} +β{1,2} ≤α{2} +α{1,2} (4.60)

β{1} +β{2} +β{1,2} ≤α{1} +α{2} +α{1,2} (4.61)

We now include among the information bits that are to be communicated at time

slot t + 1, the content of the virtual signals at time slot t and we use the remaining

information bits, not yet assigned to the virtual resources of the previous time slot

t , to communicate the common and the private messages. Therefore, for the simple

broadcast code deployed here, a total sum rate of β{1,2} +β{2} +β{1} +βφ (from messages

W ′S
2 ) is devoted to the virtual signals. This leaves a rate R1 available for the common

message W1 and a private rate R ′
2−β{1,2}−β{2}−β{1}−βφ available for the private message

W2, where R ′
2 =α{1,2} +α{2} +α{1} +αφ .

Note here that constraints (4.46)-(4.61), characterizes an achievable rate region for each joint

probability distribution p(u{1,2},u{2},u{1}, x, v{1,2}, v{2}, v{1}, v{0}), where for every S ⊆ {1,2} we

have the alphabet size |VS | ≤ 2βS and βS ≥ 0.

Finally, we show that any rate pair in the rate region of Theorem 4.3 is within the above

achievable rate region. Let (R1,R2) be within the rate region of Theorem 4.3. Therefore, there

exists auxiliary random variables U{1,2}, U{2}, U{1} and X (with a joint probability distribution

p(u{1,2},u{2},u{1},x )) such that inequalities (4.28)-(4.44) all hold for a choice of some real-valued

parameters γS and ΓS . We use this choice of random variables U{1,2}, U{2}, U{1} and X to choose

a proper set of random variables U ′
{1,2}, U ′

{2}, U ′
{1} as follows.

U ′
{1,2} = (U{1,2},V{1,2}) (4.62)

U ′
{2} = (U{2},V{2}) (4.63)
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U ′
{1} = (U{1},V{1}) (4.64)

where we choose auxiliary random variables V{1,2}, V{2}, V{1}, Vφ to be independent from

the rest of the random variables and to have a uniform distribution over their alphabet set.

Thus, we have proved achievability of all rate pairs that satisfy the following inequalities for a

choice of real-valued parameters αS and βS , S ⊆ {1,2}, and the joint probability distribution

p(u{1,2},u{2},u{1}, x).

Encoding constraints:

R2 =α{1,2} +α{2} +α{1} +αφ−β{1,2} −β{2} −β{1} −βφ (4.65)

α{1,2},α{2},α{1},αφ ≥ 0 (4.66)

β{1,2},β{2},β{1},βφ ≥ 0 (4.67)

T{1} ≥α{1} (4.68)

T{2} ≥α{2} (4.69)

T{1} +T{2} ≥α{1} +α{2} + I (U{1};U{2}|U{1,2}) (4.70)

Constraints to have signals V{1,2}, . . . ,Vφ emulatable:

β{1,2} ≤α{1,2} (4.71)

β{2} +β{1,2} ≤α{1} +α{1,2} (4.72)

β{1} +β{1,2} ≤α{2} +α{1,2} (4.73)

β{1} +β{2} +β{1,2} ≤α{1} +α{2} +α{1,2} (4.74)

Decodability constraint at private receiver 3:

R1 +α{1,2} +α{2} +α{1} +αφ ≤ I (X ;Y3)+β{1,2} +β{2} +β{1} +βφ (4.75)

α{2} +α{1} +αφ ≤ I (X ;Y3|U{1,2})+β{2} +β{1} +βφ (4.76)

α{1} +αφ ≤ I (X ;Y3|U{2},U{1,2})+β{1} +βφ (4.77)

α{2} +αφ ≤ I (X ;Y3|U{1},U{1,2})+β{2} +βφ (4.78)

αφ ≤ I (X ;Y3|U{2},U{1},U{1,2})+βφ (4.79)

Decodability constraint at private receiver 1:

R1 +α{1,2} +T{1} ≤ I (U{1},U{1,2};Y1)+β{1} +β{1,2} (4.80)

T{1} ≤ I (U{1};Y1|U{1,2})+β{1} (4.81)

Decodability constraint at private receiver 2:

R1 +α{1,2} +T{2} ≤ I (U{2},U{1,2};Y2)+β{2} +β{1,2} (4.82)

T{2} ≤ I (U{2};Y2|U{1,2})+β{2} (4.83)

By defining γS = αS −βS for every S ⊆ {1,2}, Γ{1} = T{1} −β{1} and Γ{2} = T{2} −β{2} and after

eliminating all parameters αS and βS from inequalities (4.65)-(4.83), we reach to the same
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feasibility problem in Theorem 4.3 (which is now written for a fixed joint probability distribu-

tion of random variables U{1,2}, U{2}, U{1}, and X ) and we conclude achievability of rate pair

(R1,R2).

Remark 4.3. It can be verified that the rate-region in Theorem 4.3 coincides with that of Theorem

4.1. The verification is roughly as follows. Fix the same joint distribution p(u{1,2},u{2},u{1}, x) on

both rate regions. Take a feasible solution set {γS} from rate-region in Theorem 4.3 and alter

it appropriately to obtain a feasible non-negative such solution for Theorem 4.1. This method

of showing equivalence does not generalize to more than two public receivers and it is still

possible that block Markov encoding allows achievability of strictly higher transmission rates

for channels with three (or more) public receivers. Indeed, we observed a similar equivalence

in Chapter 2 over combination-network channels with two public and many private receivers;

and yet the simple block Markov encoding scheme strictly improved the rate-region of linear

superposition coding for channels with three (or more) public receivers.

Remark 4.4. Following along the same lines as the proof of Theorem 4.3, one can adapt the

discussed (simple) block Markov encoding scheme for channels with three (or more) public

receivers, and expect relaxation of non-negativity constraints of the rate-splitting parameters.

Whether or not this block Markov encoding scheme offers benefits in terms of strictly improving

the rate region requires further investigation.

Remark 4.5. Note that in step 3 in the proof that we outlined above, we have directly accom-

modated the content of the virtual signals inside messages that are to be transmitted over

the extended broadcast channel. However, we may essentially send the compressed virtual

signals and this defines a source coding problem in step 3. How to optimally characterize

the rate region in this formulation needs further investigation. We wonder if the follow-

ing rate-region is achievable, where X ′,Y ′
1,Y ′

2,Y ′
3 are defined in (4.45) and the region is in

terms of feasibility of rate-split parameters α{1,2}, α{2}, α{1}, αφ and auxiliary random variables

U{1,2},U{2},U{1},V{1,2},V{2},V{1},Vφ.

R2 =α{1,2} +α{2} +α{1} +αφ−H(Vφ,V{1},V{2},V{1,2})− I (V{1};V{2}|V{1,2}) (4.84)

α{1,2},α{2},α{1},αφ ≥ 0 (4.85)

T{1} ≥α{1} (4.86)

T{2} ≥α{2} (4.87)

T{1} +T{2} ≥α{1} +α{2} + I (U ′
{1};U

′
{2}|U ′

{1,2}) (4.88)

H(V{1,2}) ≤α{1,2} (4.89)

H(V{1},V{1,2}) ≤α{1} +α{1,2} (4.90)

H(V{2},V{1,2}) ≤α{2} +α{1,2} (4.91)

H(V{1},V{2},V{1,2})+ I (V{1};V{2}|V{1,2}) ≤α{1} +α{2} +α{1,2} (4.92)

R1 +α{1,2} +α{2} +α{1} +αφ ≤ I (X ′;Y ′
3) (4.93)
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α{2} +α{1} +αφ ≤ I (X ′;Y ′
3|U ′

{1,2}) (4.94)

α{1} +αφ ≤ I (X ′;Y ′
3|U ′

{2},U
′
{1,2}) (4.95)

α{2} +αφ ≤ I (X ′;Y ′
3|U ′

{1},U
′
{1,2}) (4.96)

αφ ≤ I (X ′;Y ′
3|U ′

{2},U
′
{1},U

′
{1,2}) (4.97)

R1 +α{1,2} +T{1} ≤ I (U ′
{1},U

′
{1,2};Y ′

1) (4.98)

T{1} ≤ I (U ′
{1};Y ′

1|U ′
{1,2}) (4.99)

R1 +α{1,2} +T{2} ≤ I (U ′
{2},U

′
{1,2};Y ′

2) (4.100)

T{2} ≤ I (U ′
{2};Y ′

2|U ′
{1,2}) (4.101)

4.A Proof of Lemma 4.1

Fix the probability distribution pU ,V ,Y (u, v, y) and the typical set An
ε (U ,V ,Y ) corresponding to

it. Consider a quadruple of sequences (U n ,Ũ n ,V̂ n ,Y n), such that

• Ũ n is independent of (U n ,V̂ n ,Y n) and has the distribution
∏

i pU (ũi ),

• U n has the distribution
∏

i pU (ui ),

• Y n and V̂ n are independent conditioned on U n ,

• (U n ,Y n) has the joint distribution
∏

i pU ,Y (ui , yi ),

• (U n ,V̂ n) has the joint distribution
∏

i pU ,V (ui , v̂i ).

We now bound Pr((Ũ n ,Y n) ∈ An
ε and (U n ,V̂ n ,Y n) ∈ An

ε ) as follows.

Pr((Ũ n ,Y n) ∈ An
ε and (U n ,V̂ n ,Y n) ∈ An

ε )

≤ ∑
yn∈An

ε

∑
ũn

(ũn ,yn )∈An
ε

∑
(un ,v̂n )

(un ,v̂n ,yn )∈An
ε

p(un , ũn , v̂n , yn)

≤ ∑
yn∈An

ε

∑
ũn

(ũn ,yn )∈An
ε

∑
(un ,v̂n )

(un ,v̂n ,yn )∈An
ε

p(un , v̂n)p(ũn)p(yn |un)

≤ ∑
yn : yn∈An

ε

ũn : (ũn ,yn )∈An
ε

(un ,v̂n ): (un ,v̂n ,yn )∈An
ε

2−n(H(U ,V )−ε)2−n(H(U )−ε)2−n(H(Y |U )−ε)

≤ (
2n(H(Y )+ε)2n(H(U |Y )+ε)2n(H(U ,V |Y )+ε))
×(

2−n(H(U ,V )−ε)2−n(H(U )−ε)2−n(H(Y |U )−ε))
≤ 2−n(I (U ,V ;Y )−6ε).
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4.B Proof of Lemma 4.2

We start by proving the following claim.

Claim 4.1. Component joint unique decoder 1 succeeds with high probability (averaged over

codebooks) if R1+α{1,2} < I (U{1,2};Y1), and fails with high probability, if R1+α{1,2} > I (U{1,2};Y1).

Proof of Claim 4.1. Component joint unique decoder 1 makes an error only if one of the

following events occur:

(i) (U n
{1,2}(1,1),Y n

1 ) is not jointly typical. This error event has an arbitrarily small probability

of ε.

(ii) There exists a pair of indices (m̂1,m̂{1,2}
2 ) 6= (1,1) such that (U n

{1,2}(m̂1,m̂{1,2}
2 ),Y n

1 ) is jointly

typical.

The error probability is thus upper-bounded by

Pr(error probability of component decoder 1)

≤ ε+Pr((U n
{1,2}(m̂1,m̂{1,2}

2 ),Y n
1 ) ∈ An

ε for some (m̂1,m̂{1,2}
2 ) 6= (1,1))

≤ ε+2n(R1+α{1,2}−I (U{1,2};Y1)+δ(ε)), (4.102)

where δ(ε) → 0 if ε→ 0. This proves that for large enough n, the error probability of component

decoder 1 could be made arbitrary small if R1 +α{1,2} < I (U{1,2};Y1).

On the other hand, decoder 1 fails if there exists an index pair (m̂1,m̂{1,2}
2 ) 6= (1,1) such that

(U n
{1,2}(m̂1,m̂{1,2}

2 ),Y n
1 ) is jointly typical. The probability of failure is, therefore, lower-bounded

by Pr((U n
{1,2}(m̂1,m̂{1,2}

2 ),Y n
1 ) ∈ An

ε for some (m̂1,m̂{1,2}
2 ) 6= (1,1)) and we want to show that it is

arbitrarily close to 1 if R1 +α{1,2} > I (U{1,2};Y1). We instead look at the complementary event
and show that Pr((U n

{1,2}(m̂1,m̂{1,2}
2 ),Y n

1 ) ∉ An
ε for all (m̂1,m̂{1,2}

2 ) 6= (1,1)) is arbitrarily close to
zero.

Pr((U n
{1,2}(m̂1,m̂{1,2}

2 ),Y n
1 ) ∉ An

ε for all (m̂1,m̂{1,2}
2 ) 6= (1,1))

= ∑
yn

1

Pr(Y n
1 = yn

1 )Pr

(
(U n

{1,2}(m̂1,m̂{1,2}
2 ), yn

1 ) ∉ An
ε

for all (m̂1,m̂{1,2}
2 ) 6= (1,1)

Y n
1 = yn

1

)

≤ ε+ ∑
yn

1 ∈An
ε

Pr(Y n
1 = yn

1 )Pr

(
(U n

{1,2}(m̂1,m̂{1,2}
2 ), yn

1 ) ∉ An
ε

for all (m̂1,m̂{1,2}
2 ) 6= (1,1)

Y n
1 = yn

1

)

≤ ε+ ∑
yn

1 ∈An
ε

Pr(Y n
1 = yn

1 )
∏

(m̂1,m̂{1,2}
2 )

Pr((U n
{1,2}(m̂1,m̂{1,2}

2 ), yn
1 ) ∉ An

ε |Y n
1 = yn

1 )

≤ ε+ ∑
yn

1 ∈An
ε

 Pr(Y n
1 = yn

1 )×(
1−Pr((U n

{1,2}(m̂1,m̂{1,2}
2 ), yn

1 ) ∈ An
ε |Y n

1 = yn
1 )

)2n(R1+α{1,2})
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≤ ε+ ∑
yn

1 ∈An
ε

Pr(Y n
1 = yn

1 )
(
1− (1−ε)2−n(I (U{1,2};Y1)+2ε))2n(R1+α{1,2})

≤ (
1− (1−ε)2−n(I (U{1,2};Y1)+2ε))2n(R1+α{1,2})

In the limit of n →∞, we have

lim
n→∞

(
1− (1−ε)2−n(I (U{1,2};Y1)+2ε))2n(R1+α{1,2})

= lim
n→∞exp

{−(
2n(R1+α{1,2})(1−ε)2−n(I (U{1,2};Y1)+2ε))}

which goes to zero if R1 +α{1,2} > I (U{1,2};Y1)+2ε.

From Claim 4.1, it becomes clear that for each operating point, averaged over codebooks, com-

ponent joint unique decoder 1 either succeeds with high probability if R1 +α{1,2} < I (U{1,2};Y1)

or fails with high probability if R1 +α{1,2} > I (U{1,2};Y1). In the former case, we let the joint

decoding scheme be that of decoder 1, and in the latter, we let the joint decoding scheme

be that of decoder 2. We prove in the following that this joint decoding scheme is reliable

(averaged over the codebooks) since the auxiliary decoder is reliable.

Consider an operating point for which decoder 1 fails with high probability. In such cases, we

assumed the decoding scheme to be joint decoding of messages M0, M10, and M12. For this

operating point, the probablity of error of our joint decoder is

Pr(error at component decoder 2)

≤ Pr

(
error at component decoder 2

AND component decoder 1 succeeds

)

+Pr

(
error at component decoder 2

AND component decoder 1 fails

)
(a)≤ δ+Pr

(
error at component decoder 2

AND component decoder 1 fails

)
≤ δ+ε+Pr

(
error at the auxiliary decoder

)
.

In the above chain of inequalities, (a) follows from the assumption on the operating point.

Also, δ and ε can both be taken arbitrarily close to 0 for large enough n. It is now easy to see

that given an operating point for which component decoder 1 fails, component decoder 2

succeeds with high probability if the auxiliary decoder succeeds with high probability.

4.C Non-Unique Decoding in the Literature

We saw that joint decoding was sufficient to achieve the inner-bound of [57]. This is not

coincidental and the same phenomenon can be observed for example in the work of Chong,
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Motani, Garg and El Gamal [19] where the region obtained by non-unique decoding turned

out to be equivalent to that of Han and Kobayashi in [34]. Non-unique decoding schemes

have appeared also in [18, 8, 58]. We consider these three problems briefly next and show that

joint decoding suffices to achieve the proposed inner-bounds.

4.C.1 Three-receiver broadcast channel with common and confidential messages

In [18] a general 3-receiver broadcast channel with one common and one confidential message

set is studied. Inner-bounds and outer-bounds are derived for the capacity regions under two

setups of this problem: when the confidential message is intended for one of the receivers

and when the confidential message is intended for two of the receivers. We only address the

first setup here, and in particular Theorem 2 of [18]. The other inner-bounds can be similarly

dealt with. In Theorem 2, the authors establish an inner-bound to the secrecy capacity region

using the ideas of superposition coding, Wyner wiretap channel coding and non-unique

decoding. More specifically, both legitimate receivers Y1 and Y2 decode their messages of

interest, M0 and M1, by non-unique decoding schemes. Receiver Y1 looks for the unique triple

(m0,m1,mr ) such that (U n(m0),V n
0 (m0.m1,mr ),V n

1 (m0,m1,mr , t1),Y n
1 ) is jointly typical for

some t1 ∈ [1 : 2nT1 ]. Receiver Y2 follows a similar scheme. We use the proof technique of

Subsection 4.3.2 to show that performing joint unique decoding at each legitimate receiver

achieves the same inner-bound. To do so, we first present an auxiliary decoder which succeeds

with high probability under the decoding constraints of [18], and then conclude that there

exists a joint unique decoding scheme that succeeds with high probability.

Define the auxiliary decoder (at receiver Y1) to have access to two component joint unique

decoders, one (uniquely) jointly decoding indices m0,m1,mr and the other (uniquely) jointly

decoding indices m0,m1,mr , t1. The auxiliary decoder declares an error if either (a) both com-

ponent decoders declare errors, or (b) if both of them decode and their declared (m0,m1,mr )

indices do not match. In all other cases, it declares the index triple (m0,m1,mr ) according

to the output of the component decoder which did not declare an error. Proceeding as in

Section 4.3.2, the error probability of the auxiliary decoder can be bounded by (4.103)as

follows.

Pr(error)

≤ ε+Pr

(
(U n(m̃0),V n

0 (m̃0,m̃1,m̃r ),Y n
1 )∈An

ε for some (m̃0,m̃1,m̃r )6=(1,1,1)

(U n(m̂0),V n
0 (m̂0,m̂1,m̂r ),V n

1 (m̂0,m̂1,m̂r , t̂1),Y n
1 )∈An

ε for some (m̂0,m̂1,m̂r ,t̂1) 6=(1,1,1,1)

)

≤ ε+Pr

(
(U n(m̃0),V n

0 (m̃0,m̃1,m̃r ),Y n
1 ) ∈ An

ε for some (m̃0,m̃1,m̃r )6=(1,1,1)

(U n(m̂0),V n
0 (m̂0,m̂1,m̂r ),V n

1 (m̂0,m̂1,m̂r , t̂1),Y n
1 ) ∈ An

ε for some (m̂0,m̂1,m̂r ) 6=(1,1,1), t̂1

)

+Pr

(
(U n(m̃0),V n

0 (m̃0,m̃1,m̃r ),Y n
1 ) ∈ An

ε for some (m̃0,m̃1,m̃r )6=(1,1,1)

(U n(m̂0),V n
0 (m̂0,m̂1,m̂r ),V n

1 (m̂0,m̂1,m̂r , t̂1),Y n
1 ) ∈ An

ε for (m̂0,m̂1,m̂r )=(1,1,1), t̂1 6=1

)
(a)≤ ε+2n(R0+R1+T1+Rr −I (U ,V0,V1;Y1))+δ(ε) +2n(R1+T1+Rr −I (V0,V1;Y1|U )+δ(ε)) (4.103)
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+2n(R0+R1+T1+Rr −I (U ,V0,V1;Y1)+δ(ε)) +2n(R1+T1+Rr −I (V0,V1;Y1|U )+δ(ε))

Here, δ(ε) → 0 as ε→ 0. To prove inequality step (a), we bound each probability term separately.

The first term is upper-bounded by the probability of an indirect decoder making an error. This

indirect decoder is analyzed in [18] and shown to be reliable under some constraints to which

we refer as the indirect decoding constraints of [18]. The second term is upper-bounded by

splitting the event and following steps similar to that of Subsection 4.3.2. This is summarized

in the following.

Pr

(
(U n(m̃0),V n

0 (m̃0,m̃1,m̃r ),Y n
1 ) ∈ An

ε for some (m̃0,m̃1,m̃r ) 6=(1,1,1)

(U n(m̂0),V n
0 (m̂0,m̂1,m̂r ),V n

1 (m̂0,m̂1,m̂r , t̂1),Y n
1 ) ∈ An

ε for some (m̂0,m̂1,m̂r )=(1,1,1), t̂1 6=1

)

≤ Pr

(
(U n(m̃0),V n

0 (m̃0,m̃1,m̃r ),Y n
1 ) ∈ An

ε for some (m̃0,m̃1,m̃r )6=(1,1,1) m̂0 6=1

(U n(m̂0),V n
0 (m̂0,m̂1,m̂r ),V n

1 (m̂0,m̂1,m̂r , t̂1),Y n
1 ) ∈ An

ε for some (m̂0,m̂1,m̂r )=(1,1,1), t̂1 6=1

)

+Pr

(
(U n(m̃0),V n

0 (m̃0,m̃1,m̃r ),Y n
1 ) ∈ An

ε for some (m̃0,m̃1,m̃r )6=(1,1,1), m̂0=1

(U n(m̂0),V n
0 (m̂0,m̂1,m̂r ),V n

1 (m̂0,m̂1,m̂r , t̂1),Y n
1 ) ∈ An

ε for some (m̂0,m̂1,m̂r )=(1,1,1), t̂1 6=1

)
≤ 2n(R0+R1+T1+Rr −I (U ,V0,V1;Y1)+δ(ε)) +2n(R1+T1+Rr −I (V0,V1;Y1|U )+δ(ε)) (4.104)

The last step follows from an application of Lemma 4.1 to the first probability term and a

conditional version of Lemma 4.1 to the second probability term.

It becomes clear from (4.103), that the auxiliary decoder also succeeds with high probability

under the indirect decoding constraints of [18]. Similar to Subsection 4.3.2, one can conclude

that if for an operating point the indirect decoder succeeds with high probability, then there

also exists a joint unique decoding scheme that succeeds with high probability.

One can also use the auxiliary decoder to (explicitly) devise the joint unique decoding scheme.

Analogous to Subsection 4.3.2, the decoding scheme could be the joint unique decoding of

m0,m1,mr in the regime where it succeeds (with high probability) and the joint unique decod-

ing of m0,m1,mr , t1 otherwise. To express the two regimes, we analyze the error probability of

the component decoder that jointly and uniquely decodes m0, m1 and mr .

Pr(error) ≤ ε+2n(R0+R1+Rr −I (U ,V0;Y1)+δ(ε))

+2n(R1+Rr −I (V0;Y1|U )+δ(ε)), (4.105)

where δ(ε) → 0 if ε→ 0. Therefore, joint unique decoding of m0, m1 and mr succeeds with

high probability if the following two inequalities hold in addition to the indirect decoding

constraints of [18].

R0 +R1 +Rr < I (U ,V0;Y1) (4.106)
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R1 +Rr < I (V0;Y1|U ) (4.107)

If either of the above inequalities does not hold, then the joint unique decoding of m0, m1, mr

fails with high probability. This is because we have the following two lower-bounds on the

error probability.

Pr
(

(U n(m̂0),V n
0 (m̂0,m̂1,m̂r ),Y n

1 ) ∈ An
ε for some (m̂0,m̂1,m̂r )6=(1,1,1)

)
≥ Pr

(
(U n(m̂0),V n

0 (m̂0,m̂1,m̂r ),Y n
1 ) ∈ An

ε for some (m̂0,m̂1,m̂r ) 6=(1,1,1), m̂0=1

)
(4.108)

and

Pr
(

(U n(m̂0),V n
0 (m̂0,m̂1,m̂r ),Y n

1 ) ∈ An
ε for some (m̂0,m̂1,m̂r )6=(1,1,1)

)
≥ Pr

(
(U n(m̂0),V n

0 (m̂0,m̂1,m̂r ),Y n
1 ) ∈ An

ε for some (m̂0,m̂1,m̂r )6=(1,1,1), m̂0 6=1

)
(4.109)

where that expression (4.108) is arbitrarily close to 1 if R1 +Rr > I (V0;Y1|U ) and expression

(4.109) is arbitrarily close to 1 if R1+Rr > I (U ,V0;Y1). Nonetheless, while the indirect decoding

constraint of [18] is satisfied, since the auxiliary decoder succeeds with high probability, we

conclude that joint unique decoding of m0 ,m1 , mr , t1 succeeds with high probability. So

the following joint unquiet decoding scheme achieves the inner-bound of [18]: If inequalities

(4.106) and (4.107) hold, jointly and uniquely decode indices m0, m1, and mr , and otherwise,

jointly and uniquely decode all four indices m0, m1, mr and t1.

4.C.2 Three-user deterministic interference channel

In [8], an inner-bound to the capacity region of a class of deterministic interference chan-

nels with three user pairs is derived. The key idea is to simultaneously decode the com-

bined interference signal and the intended message at each receiver by an indirect decoding

scheme. More precisely, decoder 1 declares that m1 is sent if it is the unique message such

that (Qn , X n
1 (m1),Sn

1 (m2,m3), X n
21(m2), X n

31(m3),Y n
1 ) is jointly typical for some m2 ∈ [1 : 2nR2 ]

and m3 ∈ [1 : 2nR3 ]. This inner-bound is established in [8, Theorem 1]. Here, we use the proof

technique of Section 4.3.2 to prove that there exists a joint decoding scheme that achieves the

same inner-bound.

Define the auxiliary decoder (at receiver Y1) to have access to four component joint unique

decoders: one jointly and uniquely decoding X n(m1), one jointly and uniquely decoding

X n
1 (m1) and X n

21(m2), one jointly and uniquely decoding X n
1 (m1) and X n

31(m3) and finally one

jointly and uniquely decoding all sequences X n(m1), X n
21(m2), X n

31(m3), and Sn
1 (m2,m3). The

auxiliary decoder declares an error if either (a) all component decoders declare errors, or (b)

not all of the decoders that decode without declaring an error agree on the decoded index m0

(i.e., among those component decoders that do not declare an error, there is not a common

agreement on the decoded index m0).

111



Chapter 4. Broadcasting Nested Message Sets over General Channels

The error probability of the auxiliary decoder is then bounded by inequality (4.110), as follows.

Pr(error)

≤ ε+Pr


(Qn , X n

1 (m̃1),Y n
1 ) ∈ An

ε for some m̃1 6=1

(Qn , X n
1 (m̆1), X n

21(m̆2),Y n
1 ) ∈ An

ε for some (m̆1,m̆2) 6=(1,1)

(Qn , X n
1 (ṁ1), X n

31(ṁ3),Y n
1 ) ∈ An

ε for some (ṁ1,ṁ3) 6=(1,1)

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3), X n
21(m̂2), X n

31(m̂3),Y n
1 ) ∈ An

ε for some(m̂1,m̂2,m̂3) 6=(1,1,1)



≤ ε+Pr


(Qn , X n

1 (m̃1),Y n
1 ) ∈ An

ε for some m̃1 6=1

(Qn , X n
1 (m̆1), X n

21(m̆2),Y n
1 ) ∈ An

ε for some (m̆1,m̆2) 6=(1,1)

(Qn , X n
1 (ṁ1), X n

31(ṁ3),Y n
1 ) ∈ An

ε for some (ṁ1,ṁ3) 6=(1,1)

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3), X n
21(m̂2), X n

31(m̂3),Y n
1 )∈An

ε for some(m̂2,m̂3), m̂1 6=1

(4.110)

+Pr


(Qn , X n

1 (m̃1),Y n
1 ) ∈ An

ε for some m̃1 6=1

(Qn , X n
1 (m̆1), X n

21(m̆2),Y n
1 ) ∈ An

ε for some (m̆1,m̆2) 6=(1,1)

(Qn , X n
1 (ṁ1), X n

31(ṁ3),Y n
1 ) ∈ An

ε for some (ṁ1,ṁ3) 6=(1,1)

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3), X n
21(m̂2), X n

31(m̂3),Y n
1 ) ∈ An

ε for some(m̂2,m̂3)6=(1,1),m̂1=1



As before, the first probability term of inequality (4.110) is upperbounded by the probability of

the indirect decoder making an error; i.e., by the expression below.

Pr
(

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3), X n
21(m̂2), X n

31(m̂3),Y n
1 ) ∈ An

ε for some (m̂2,m̂3) and m̂1 6= 1
)

In [8], constraints on rates have been derived under which this error probability approaches

0 as n grows large and an achievable rate region has been characterized. We refer to these

constraints as the indirect decoding constraints of [8]. One can show that under these decoding

constraints, the second probability term can also be made arbitrarily small by choosing a

sufficiently large n. It then becomes clear that the auxiliary decoder succeeds with high proba-

bility if the indirect decoding constraints of [8] are satisfied. So, analogous to Section 4.3.2, we

conclude that there exists a joint unique decoding scheme that achieves the same inner-bound

of [8, Theorem 1].

To upper-bound the second probability term of inequality (4.110), we use union bound and

inclusion of events to obtain the following expression.

Pr


(Qn , X n

1 (m̃1),Y n
1 ) ∈ An

ε for some m̃1 6=1

(Qn , X n
1 (m̆1), X n

21(m̆2),Y n
1 ) ∈ An

ε for some (m̆1,m̆2) 6=(1,1)

(Qn , X n
1 (ṁ1), X n

31(ṁ3),Y n
1 ) ∈ An

ε for some (ṁ1,ṁ3) 6=(1,1)

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3), X n
21(m̂2), X n

31(m̂3),Y n
1 ) ∈ An

ε for some (m̂2,m̂3) 6=(1,1), m̂1=1



112



4.C. Non-Unique Decoding in the Literature

≤ Pr

(Qn , X n
1 (m̃1),Y n

1 ) ∈ An
ε for some m̃1 6=1

(Qn , X n
1 (m̆1), X n

21(m̆2),Y n
1 ) ∈ An

ε for some (m̆1,m̆2)6=(1,1)

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3), X n
21(m̂2), X n

31(m̂3),Y n
1 )∈An

ε for some m̂2=1, m̂3 6=1, m̂1=1

 (4.111)

+Pr

(Qn , X n
1 (m̃1),Y n

1 ) ∈ An
ε for some m̃1 6=1

(Qn , X n
1 (ṁ1), X n

31(ṁ3),Y n
1 ) ∈ An

ε for some (ṁ1,ṁ3) 6=(1,1)

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3), X n
21(m̂2), X n

31(m̂3),Y n
1 )∈An

ε for some m̂2 6=1, m̂3=1, m̂1=1


+Pr

(
(Qn , X n

1 (m̃1),Y n
1 ) ∈ An

ε for some m̃1 6=1

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3), X n
21(m̂2), X n

31(m̂3),Y n
1 )∈An

ε for some m̂2 6=1, m̂3 6=1, m̂1=1

)

Each probability term of inequality (4.111) can be made arbitrarily small by choosing a suffi-

ciently large n if the indirect decoding constraints of [8] hold. The first two probability terms of

inequality (4.111) are analyzed in (4.112)-(4.118) and the third probability term of inequality

(4.111) is analyzed in (4.119)-(4.121).

Pr

(Qn , X n
1 (m̃1),Y n

1 ) ∈ An
ε for some m̃16=1

(Qn , X n
1 (ṁ1), X n

31(ṁ3),Y n
1 ) ∈ An

ε for some (ṁ1,ṁ3)6=(1,1)

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3), X n
21(m̂2), X n

31(m̂3),Y n
1 ) ∈ An

ε for some m̂26=1, m̂3=1, m̂1=1

 (4.112)

≤ Pr

(
(Qn , X n

1 (ṁ1), X n
31(ṁ3),Y n

1 ) ∈ An
ε for some ṁ16=1, ṁ3=1

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3), X n
21(m̂2), X n

31(m̂3),Y n
1 ) ∈ An

ε for some m̂26=1, m̂3=1, m̂1=1

)
(4.113)

+Pr

(
(Qn , X n

1 (ṁ1), X n
31(ṁ3),Y n

1 ) ∈ An
ε for some ṁ16=1, ṁ36=1

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3), X n
21(m̂2), X n

31(m̂3),Y n
1 ) ∈ An

ε for some m̂26=1, m̂3=1, m̂1=1

)
(4.114)

+Pr

(Qn , X n
1 (m̃1),Y n

1 ) ∈ An
ε for some m̃16=1

(Qn , X n
1 (ṁ1), X n

31(ṁ3),Y n
1 ) ∈ An

ε for some ṁ1=1, ṁ36=1

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3), X n
21(m̂2), X n

31(m̂3),Y n
1 ) ∈ An

ε for some m̂26=1, m̂3=1, m̂1=1

 (4.115)

≤ 2nR1 2n min{R2,H(X21|Q)}2−nI (X1,X21;Y1|Q,X31)+δ(ε) (4.116)

+ 2nR1+n min{R3,H(X31|Q)}2n min{R2,H(X21|Q)}2−nI (X1,X21,X31;Y1|Q)+δ(ε) (4.117)

+ 2nR1 2n min{R3,H(X31|Q)}2n min{R2,H(X21|Q),H(S1|X31,Q)}2−nI (X1,X21,X31;Y1|Q)+δ(ε) (4.118)

where δ(ε) → 0 when ε→ 0. The last step above follows from an analysis very similar to the

derivation of inequalities (4.24)-(4.27) and a generalization of Lemma 4.1.

Finally,

Pr

(
(Qn , X n

1 (m̃1),Y n
1 ) ∈ An

ε for some m̃1 6=1

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3), X n
21(m̂2), X n

31(m̂3),Y n
1 ) ∈ An

ε for some m̂2 6=1, m̂3 6=1, m̂1=1

)
(4.119)
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≤ Pr

(
(Qn , X n

1 (m̃1),Y n
1 ) ∈ An

ε for some m̃ 6=1

(Qn , X n
1 (m̂1),Sn

1 (m̂2,m̂3),Y n
1 ) ∈ An

ε for some m̂2 6=1, m̂3 6=1, m̂1=1

)
(4.120)

≤ 2nR1 2n min{R2+R3,R2+H(X31|Q),H(X21|Q)+R3,H(S1|Q)}2−I (X1,S1;Y1|Q)+δ(ε), (4.121)

where δ(ε) → 0 when ε→ 0. The last step of the above chain of inequalities follows from the

conditional version of Lemma 4.1.

4.C.3 Two-receiver compound channel with state non-causally available at the
encoder

An inner-bound to the common message capacity region of a 2-receiver compound channel

with discrete memoryless state non-causally available at the encoder is derived in [58]. The

inner-bound is established using superposition coding, Marton’s coding, joint typicality en-

coding, and non-unique decoding schemes. More precisely, in the decoding scheme of [58], re-

ceiver Y1 declares message M to be the unique index m for which (W n(m, l0),U n(m, l0, l1),Y n
1 )

is jointly typical for some l0 ∈ [1 : 2nT0 ] and l1 ∈ [1 : 2nT1 ]. Receiver Y2 follows a similar scheme.

In this problem also, we can prove that jointly and uniquely decoding at the receivers lets us

achieve the same inner-bound of [58, Theorem 1]. We outline the proof which is built on the

proof technique of Subsection 4.3.2.

Define the auxiliary decoder (at receiver Y1) to have access to two component joint unique

decoders: one (uniquely) jointly decoding indices m0, l0, and one (uniquely) jointly decoding

indices m0, l0, l1. The auxiliary decoder declares an error if either (a) both component decoders

declare errors or (b) neither of them declare an error but they do not agree on their decoded

m0 and l0 indices. The error probability of the auxiliary decoder is then bounded by

Pr(error) ≤ ε+Pr

(
(W n(m̃, l̃0),Y n

1 ) ∈ An
ε for some (m̃,l̃0) 6=(1,1)

(W n(m̂, l̂0),U n(m̂, l̂0, l̂1),Y n
1 ) ∈ An

ε for some (m̂,l̂0,l̂1)6=(1,1,1)

)
. (4.122)

The probability term of the right hand side of inequality (4.122) is indeed what we obtained

in inequality (4.21), and following similar steps, one can conclude that the auxiliary decoder

performs reliably under the indirect decoding constraints of [58]. Therefore, there exists

a joint unique decoding scheme that performs reliably under those decoding constraints.

More explicitely, the proposed joint unique decoding scheme would similarly be unique

joint decoding of m and l0, if R0 +T0 < I (W ;Y1); and unique joint decoding of m, l0 and l1,

otherwise.
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5 Multicasting Nested Message Sets
Over Wireline Networks

Finally in this chapter, we study the problem of communicating messages over wireline

networks. Wireline networks, or classical networks, are mostly motivated by their applications

in computer networks, where information can be sent between nodes essentially free of

noise using proper data link protocols. The pioneer work in the problem of multicasting over

networks is [1] where Ahlswede et al. (2000) consider the setting in which a source sends a

common message to several receivers. They show that network nodes may need to perform

network coding in order to achieve the capacity. The general problem of multicasting multiple

message sets to different receivers over multi-hop networks has proved to be a challenging

problem. In particular, Chan and Grant [16] showed that in general, solving a nested two-

message multicast problem (over a general graph) can be as hard as the general problem of

network coding. To show this, they construct, for every network coding problem, a nested-

two-message multicast problem (with at least three public and two private receivers) whose

solution solves also the network coding problem. In this section, we look at the problem

of multicasting two nested message sets when there are only two public and one private

receivers.

5.1 Problem Formulation and Main Results

We consider, as a model for a wireline network, an acyclic directed graph G = (V ,E), where

a source multicasts a common message W1 and a private message W2, at rates R1 and R2

respectively, towards K = 3 receivers. The public receivers, which are indexed within the set

I1 = {1,2}, are interested in receiving message W1 and the private receiver, which is indexed

within the set I2 = {3}, is interested in receiving both the common and private messages. We

assume that the edges of the graph have unit capacity, and can convey at each use one symbol

of a finite field F, with |F|À K . Moreover, the network nodes can perform coding operations

over F. All rate values are expressed in log2 | F |.

The main problem of interest is finding the optimal encoding strategies for the network nodes

and characterizing the achievable rate-region. In this regard, our objective in this chapter is

115



Chapter 5. Multicasting Nested Message Sets Over Wireline Networks

twofold:

(1) To come up with coding techniques and strategies that achieve non-trivial rate regions

and prove inner-bounds on the capacity region,

(2) To provide techniques to prove outer bounds.

The notation we adopt in this chapter is as follows.

• A wireline network with a source and three receivers is modeled by an acyclic directed

graph G = (V ,E), where V is a finite set of vertices and E is a family of ordered pairs

from V called edges. The source is denoted by vertex S ∈V and each receiver i = 1,2,3 is

denoted by a vertex Di ∈V .

• If there exists an edge connecting vertices u and v , then u and v are called adjacent and

the edge e = (u, v) ∈ E is said to leave u and enter v . We denote the set of edges entering

v by δin
G (v) and the set of edges leaving v by δout

G (v). For a set U ⊆V we similarly define

δin
G (U ) (resp. δout

G (U )) as the set of edges entering (resp. leaving) U.

• A (directed) walk in G is a sequence P = (v0,e1, v1, . . . ,ek , vk ) where k ≥ 0, v1, . . . , vk ∈V ,

e1, . . . ,ek ∈ E , and ei = (vi−1, vi ) ∈ E for i = 1, . . . ,k. The walk is called a (directed) path if

v0 . . . , vk (and hence e1, . . . ,ek ) are distinct and the path is identified by the sequence of

its edges: P = (e1, . . . ,ek ). We denote a path P from a node u to a node v by Pu→v . Two

paths P and Q are called edge disjoint if the edges traversed are disjoint.

• A graph Gn is called an n−time expanded of a graph G , if Gn arises from G by replacing

each edge e = (u, v) of G by n parallel edges ei = (u, v), i = 1, . . . ,n.

• Each graph G is representable through an incidence matrix. The incidence matrix

B = [bi j ] of graph G is a |V | × | E | matrix such that bi j =−1 if the edge e j leaves vertex

vi , bi j = 1 if it enters vertex vi and bi j = 0 otherwise.

• A subset Ci of E , where i ∈ {1,2,3}, is called an S −Di cut if every path PS→Di has at least

one edge belonging to the set Ci . We denote the set of all the S −Di cuts by Λi , i = 1,2,3.

• The min-cut between the source S and destination Di is denoted by hi and is defined

by hi = minCi |Ci |.

• For any subset of edges C ⊆ E , we denote by YC the vector of symbols received on the

edges (u, v) ∈C . Vector Y n
C , then denotes this vector over a block of length n.

• Over directed graph G , we denote the set of symbols received at node u from all its

incoming edges by a vector Yδin(u) and we denote the symbols sent from u over all its
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outgoing edges by a vector Xδout(u). If nodes are performing linear operations, then each

Xδout(u) would be in the following form.

Xδout(u) = Tlocal
u Yδin(u) (5.1)

Furthermore, these local relations constitute the global relation Yi = Ti X , where Yi is

the vector of received symbols at destination node Di and X is the vectors of symbols

sent from the source. We call Ti the end-to-end transfer matrix over graph G towards

destination Di . Ti j is then defined by Ti j =
[

Ti

T j

]
and also Ti j k =

 Ti

T j

Tk

.

• A flow from source S to one of the destinations Dl , l = 1,2,3, is a mapping f : E →R+,

denoted by fi , j subject to two constraints:

– Capacity constraint: fi , j ≤ ci j , ∀(i , j ) ∈ E .

– Flow Conservation:∑
j : ( j ,i )∈E

f j ,i =
∑

k:(i ,k)∈E
fi ,k ∀i ∈V \{S,Di }

The value of flow is defined by
∑

(u,Di )∈E fu,Di .

• Given a flow f , one can subtract f from G by replacing each edge (i , j ) ∈ E of capacity

ci , j by an edge of capacity ci , j − fi , j .

5.1.1 Summary of results

Our results in this section are in the form of inner-bounds and outer-bounds on the capac-

ity region and we characterize a class of graphs for whom our bounds coincide and hence

characterize the exact capacity region. The primary goal of this section, however, is to present

the challenges involved in the problem of nested message multicast over graphs (wireline

networks) and seek solutions.

In Section 5.2, we start by characterizing an outer-bound on the capacity region which is in

terms of certain cut values over the graph. This rate-region not only bounds the communica-

tion rates R1 and R1 +R2, but also bounds the rate 2R1 +R2. The third inequality comes into

picture by the need to ensure decodability of the common message at two public receivers.

This outer-bound, which is formulated in Theorem 5.1, characterizes the capacity region in

a class of graphs where the achievability is by routing the private message (on edge-disjoint

paths) towards the private receiver.

Theorem 5.1. Consider a graph G with two public receivers (indexed within set I1 = {1,2})

and one private receiver (indexed within set I2 = {3}). All achievable rate pairs (R1,R2) lie in
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the polytope characterized by the following inequalities.

R1 ≤ min{h1,h2} (5.2)

R1 +R2 ≤ min
i∈I2

hi (5.3)

2R1 +R2 ≤ min
C1∈Λ1,C2∈Λ2,C3∈Λ3

|C1 ∪C2 ∪C3|+ |C1 ∩C2| (5.4)

where hi denotes the min-cut to receiver i = 1,2,3 and Λi denotes the set of all S −Di cuts

over graph G .

In general, this outerbound is not tight and we explain, through an example, how it can be

refined by considering several layers of cuts over the graph.

In Section 5.3, we focus on achievable schemes and, in particular, the main challenges that

come into picture. One simple strategy of practical interest is to route the private message

and multicast the common message (on the remaining graph). This strategy is not optimal in

general as we show in Example 5.3; nonetheless, we characterize a class of graphs for whom

this strategy is optimal. This is derived in Corollary 5.2. The shortcoming of this strategy

is that it does not allow mixing of the common and the private messages. In order to allow

this mixing, we establish connections of this problem to the problem of broadcasting over

linear deterministic channels (Chapter 3). Assuming that the network intermediate nodes all

perform local linear coding, the received symbol at each destination Di may be considered as a

linear transformation (through a transfer matrix Ti ) of the vector of symbols that are sent from

the source. For a given set of nodes’ operations, therefore, the capacity region of the network

can be deduced from Theorem 5.1. Using this observation, one should try to carefully design

the transfer matrices Ti in order to find the optimal linear network code. This is, however, a

non-trivial task also. For instance, performing random network coding at the intermediate

nodes is not optimal, even in the class of linear network codes. The two strategies of (1) routing

the private message and (2) performing random network coding at the intermediate nodes

are, in some sense, the two extremes of a network code design. In Theorem 5.63, we use ideas

from both of these strategies to devise a network code which can strictly outperform both

schemes (Example 5.5). Unfortunately, none of the achievable schemes that we discuss can be

shown to be optimal in general.

5.2 Outer-Bounds

In this section, we prove Theorem 5.1 which characterizes an outer-bound to the achievable

rate pairs (R1,R2). The idea of the outer-bound is similar to that of Theorem 2.4 and Theorem

3.1.

Theorem 5.1. Consider a graph G with two public receivers (indexed within set I1 = {1,2}) and

one private receiver (indexed within set I2 = {3}). All achievable rate pairs (R1,R2) lie in the
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S

D1

C1

C2

C3

D2 D3

e3 e4

e2

e1

e5

Figure 5.1: The outerbound rate-region in Theorem 5.1 evaluates to R1 ≤ 2, R1 +R2 ≤ 4 and
2R1 +R2 ≤ 5.

polytope characterized by the following inequalities.

R1 ≤ min{h1,h2} (5.5)

R1 +R2 ≤ min
i∈I2

hi (5.6)

2R1 +R2 ≤ min
C1∈Λ1,C2∈Λ2,C3∈Λ3

|C1 ∪C2 ∪C3|+ |C1 ∩C2| (5.7)

where hi denotes the min-cut to receiver i = 1,2,3 and Λi denotes the set of all S −Di cuts over

graph G.

Remark 5.1. The outer-bound in Theorem 5.1 is indeed the exact capacity region when the

network is a combination network.

Before proving this theorem, let us give an intuitive explanation of this outer-bound through

Example 5.1.

Example 5.1. Consider the graph depicted in Figure 5.1 . The first two bounds of Theorem 5.1

are clear. Common message W1 could be reliably communicated with destination 1 (which

has a min-cut h1 = 2) only if R1 ≤ 2. Similarly, R1 ≤ h2 = 2 and R1 +R2 ≤ h3 = 4. Now, in Figure

5.1, consider cuts C1, C2, C3. How much information about message W2 could be carried over

edges e1,e2,e3,e4,e5, altogether? Edges of the cut C1 = {e1,e5} can carry at most 2−R1 bits

of information about message W2, as they have a total capacity of 2 and have to also ensure

decodability of message W1 which is of rate R1. Similarly, edges of the cut C2 = {e2,e3,e4} can

carry at most 3−R1 bits of information about message W2. So altogether, these edges cannot

carry more than 2−R1 +3−R1 bits of information about message W2; i.e., R2 ≤ 5−2R1, or

2R1 +R2 ≤ 5. This is the idea of obtaining the third bound of Theorem 5.1, and we make it
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more precise in the following. 4

Proof of Theorem 5.1. We first bound R1. Consider for every i = 1,2,3 a subset Ci ∈Λi . Assume

that the communication is over a block of length n and consider the set of symbols Y n
Ci

.

Message W1 should be decodable from any such set of symbols and this is how R1 is bounded

in the following for any ε> 0.

nR1 ≤ H(W1)

= H(W1)−H(W1|Y n
Ci

)+H(W1|Y n
Ci

)

(a)≤ H(W1)−H(W1|Y n
Ci

)+nε

= H(Y n
Ci

)−H(Y n
Ci
|W1)+nε (5.8)

≤ n (|Ci |+ε) ,

where (a) follows by Fano’s inequality for any ε> 0.

The sum-rate R1 +R2 is bounded similarly; i.e., for all cuts C3 ∈Λ3 and any ε> 0 we have the

following.

nR1 +nR2 ≤ H(Y n
C3

)−H(Y n
C3
|W1W 2)+nε≤ n (|C3|+ε)

Since minCi |Ci | = hi for all i = 1,2,3, relations (5.5) and (5.6) are proved. Note that (5.8) gives

as a by-product the following inequality for any ε> 0.

H(Y n
Ci
|W1) ≤ H(Y n

Ci
)−nR1 +nε (5.9)

Finally to show (5.7), we bound R2 for all C1 ∈Λ1, C2 ∈Λ2, C3 ∈Λ3. In order to save space we

denote the set of edges in the set C3 ∩ (C2 ∪C2)c by C3\C1C2.

nR2 ≤ H(W2|W1)

= H(W2|W1)−H(W2|Y n
C1

Y n
C2

Y n
C3

W1)+H(W2|Y n
C1

Y n
C2

Y n
C3

W1)

(a)≤ H(W2|W1)−H(W2|Y n
C1

Y n
C2

Y n
C3

W1)+nε

= H(Y n
C1

Y n
C2

Y n
C3
|W1)−H(Y n

C1
Y n

C2
Y n

C3
|W1W2)+nε

≤ H(Y n
C1

Y n
C2

Y n
C3
|W1)+nε

≤ H(Y n
C1
|W1)+H(Y n

C2
|W1)+H(Y n

C3
|Y n

C1
Y n

C2
)+nε

(b)≤ H(Y n
C1

)+H(Y n
C2

)−2nR1 +H(Y n
C3
|Y n

C1
Y n

C2
)+3nε

≤ H(Y n
C1

)+H(Y n
C2

)−2nR1 +H(Y n
C3\C1C2

)+3nε

(c)≤ H(Y n
C1

)+H(Y n
C2

)−2nR1+n (|C1∪C2∪C3|−|C1∪C2|)+3nε
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(d)≤ n (|C1|+ |C2|+ |C1 ∪C2 ∪C3|− |C1 ∪C2|−2R1 +3ε)

= n (|C1 ∪C2 ∪C3|+ |C1 ∩C2|−2R1 +3ε) ,

where (a) follows by Fano’s inequality, (b) follows by (5.9) and both (b) and (d) follow by

cardinality bound on entropy.

Remark 5.2. An alternative proof of inequality (5.7), which provides a better intuitive under-

standing, is as follows.

n(R1 +R2) ≤ H(W1,W2)

≤ H(Y n
C1

Y n
C2

Y n
C3

)+nε

≤ H(Y n
C1

)+H(Y n
C2

)− I (Y n
C1

;Y n
C2

)+H(Y n
C3
|Y n

C1
Y n

C2
)+nε

(b)≤ H(Y n
C1

)+H(Y n
C2

)−nR1 +H(Y n
C3
|Y n

C1
Y n

C2
)+nε

= n (|C1 ∪C2 ∪C3|+ |C1 ∩C2|−R1 +ε) .

Note that step (b) follows from the fact that message W1 should be decodable from the symbols

passing the cut C1 and also from the symbols passing the cut C2; therefore, we have I (Y n
C1

;Y n
C2

) ≥
nR1. A similar idea has appeared in [47].

It turns out that the outer-bound of Theorem 5.1 is tight for a class of wireline networks, and

there is indeed a simple coding strategy that achieves it. However, this outer-bound is not tight

in general. This is best illustrated in Example 5.2 which follows. In the next section, we will

find a class of graphs over which outer-bound of Theorem 5.1 is indeed the capacity region.

Example 5.2. Consider the network in Figure 5.2. One can verify that outer-bound of Theorem

5.1 reduces to the following set of inequalities.

R1 ≤ 1 (5.10)

R1 +R2 ≤ 3 (5.11)

2R1 +R2 ≤ 4. (5.12)

We now consider rate pair (R1 = 1,R2 = 2) and show that although this rate pair belong to

the above region, it is not achievable. Thus, outer-bound of Theorem 5.1 is not tight. Let

Y1,Y2,Y3, Z1, Z2, Z3 denote, respectively, the symbol carried over edges e1,e2,e3,e4,e5,e6. We

start by writing an upper bound on R2.

nR2 ≤ H(W2|W1) (5.13)

≤ H(W2,Y n
1 ,Y n

2 ,Y n
3 , Z n

1 , Z n
2 , Z n

3 |W1) (5.14)

≤ H(Y n
1 ,Y n

2 ,Y n
3 , Z n

1 , Z n
2 , Z n

3 |W1)+H(W2|Y n
1 ,Y n

2 ,Y n
3 , Z n

1 , Z n
2 , Z n

3 ,W1) (5.15)
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S

D1 D2 D3

e1 e2 e3

e6e5
e4

Figure 5.2: The outerbound rate-region in Theorem 5.1 is not tight and can be further refined.

(a)≤ H(Y n
1 ,Y n

2 ,Y n
3 , Z n

1 , Z n
2 , Z n

3 |W1)+nε (5.16)

≤ H(Y n
1 ,Y n

2 ,Y n
3 |W1)+H(Z n

1 , Z n
2 , Z n

3 ,Y n
2 |W1)+ (5.17)

−I (Y n
1 ,Y n

2 ,Y n
3 ; Z n

1 , Z n
2 , Z n

3 ,Y n
3 |W1)+nε (5.18)

(b)≤ H(Y n
1 ,Y n

2 ,Y n
3 |W1)+H(Z n

1 , Z n
2 , Z n

3 ,Y n
3 |W1)−R2 +nε (5.19)

(c)≤ H(Y n
1 ,Y n

3 |W1)+H(Y n
2 ,Y n

3 |W1)−H(Y n
3 |W1)+ (5.20)

+H(Z n
1 |W1)+H(Z n

2 |W1)+H(Z n
3 ,Y n

3 |W1)−R2 +nε (5.21)
(d)≤ H(Y n

1 ,Y n
3 |W1)+H(Y n

2 ,Y n
3 |W1)+H(Z n

1 |W1)+ (5.22)

+H(Z n
2 |W1)+H(Z n

3 |Y n
3 ,W1)−R2 +nε (5.23)

(e)≤ n(2−R1)+n(2−R1)+n(1−R1)+n(1−R1)+n −R2 +nε (5.24)

In the above set of inequalities, step (a) follows by Fano’s inequality and the fact that {e1,e2,e3}

is an edge cut that separates the source from destination 2; i.e., in any admissible scheme,

message W2 should be recoverable from symbols Y1,Y2,Y3. Step (b) follows by the fact that

each of the two set of edges {e1,e2,e3} and {e3,e4,e5,e6} form a cut that separates the source

from destination 3 and therefore, they have a common information of at least R2. Step (c)

follows by sub-modularity, step (d) follows by writing H(Z n
3 ,Y n

3 |W1) through chain rule as

H (Y n
3 |W1)+H (Z n

3 |Y n
3 ,W1), and finally step (e) follows similar to step (d) of the chain of upper-

bound inequalities on R2 in the proof of Theorem 5.1. Therefore, we obtain the following

bound on any achievable rate pair (R1,R2).

4R1 +2R2 ≤ 7 (5.25)
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It is now clear that rate pair (1,2) is not achievable, and that the outer-bound of Theorem 5.1

could be improved. 4

Remark 5.3. The ideas presented in Example 5.2 are indeed general and one can write such

bounds by considering two (or more) sets of cuts C (1)
1 ,C (2)

1 ∈Λ1, C (1)
2 ,C (2)

2 ∈Λ2, and C (1)
3 ,C (2)

3 ∈
Λ3.

5.3 Achievability Schemes

In this section, we discuss achievability schemes. The problem of multicasting a common and

a private message over graphs (wireline networks) with two destinations (public receiver 1 and

private receiver 2) can be deduced from the work in [26, 65]. The capacity region is shown to

be characterized by the following two inequalities.

R1 ≤ h1 (5.26)

R1 +R2 ≤ h2 (5.27)

The main idea behind the achievability scheme in [65] is to find R2 edge-disjoint paths from

the source to the private receiver with the following property. If we remove these R2 paths from

G , then on the remaining graph the min-cut to each destination (public and receiver) is at

least R1. It is clear that if such a set of paths exists, then one can route the private information

(that has rate R2) to the private receiver and multicast the common message (that has rate R1)

towards all destinations over the remaining graph. It is clear from the cut-set bound that this

rate-region characterizes the capacity region.

The noteworthy point is that this scheme allows no mixing of information among the common

and the private messages, and it is still optimal. Motivated by the this scheme, it is easy to see

that it can also simply be deployed over graphs with a private and several public receivers. We

ask if this strategy is always optimal. The answer is negative. This is illustrated through the

following example.

Example 5.3. Consider the graph depicted in Figure 5.3, where a source wants to communicate

a message W1 = [w1,1] of rate R1 = 1 and a message W2 = [w2,1, w2,2, w2,3] of rate R2 = 3. It

is not very difficult to verify that the maximum number of paths that can be dedicated to

the private message, while leaving a min-cut equal to R1 = 1 for each of the receivers, is 2. If

one allows communication over a large enough block length n and consider communication

of rates (nR1,nR2) over the expanded graph Gn , the maximum number of paths that can be

removed, while leaving a min-cut equal to nR1 for each of the receivers, is given by 2.5×n. So

even over a large enough block length, rate (1,3) cannot be achieved by the simple strategy of

routing the private message. 4

As we saw in the example above, network coding across the common and the private mes-
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S

D1

D2

D3

(a) The maximum flow (from S to D3) that could be
subtracted from the graph, without reducing the min-
cut to destinations 1 and 2 to less than R1 = 1, is equal
to 2.5. This flow is shown over the graph: edges in blue
(bold) line carry a flow equal to one and edges in dotted
line carry a flow equal to one-half.

w1,1 w2,2

w1,1
w1,1 w2,2

w2,2

w1,1 +w2,2

w2,2
w1,1 +w2,2

w1,1 +w2,2

w1,1

w2,3

w2,1

w2,3

w2,1

S
W1 = [w1,1]

W2 = [w2,1, w2,2, w2,3]

D1

D2

D3

u

v

w2,1w1,1

(b) The rate pair (R1 = 1,R2 = 3) is achievable using
a proper network code as shown over the graph. In
order to achieve this rate pair, the edge (u, v) is obliged
to carry information about both the common and the
private messages.

Figure 5.3: The source wants to communicate a common message W1 = [w1,1] and a private
message W2 = [w2,1, w2,2, w2,3] (of rates R1 = 1 and R2 = 3). Rate pair (R1 = 1,R2 = 3) is not
achievable via routing the private message, but is achievable through the code shown in the
right figure.

sages might be required in an optimal strategy when we have more than two public receives.

Nonetheless, in the next subsection we identify a class of networks for which network codes

which route the private message are optimal.

5.3.1 Achievability by routing the private message

Consider a rate value R1 ≤ min{h1,h2,h3}. In this section, we seek the maximum rate R2 such

that there exists a flow of amount R2 from the source to the private receiver with the property

that after its subtraction from the graph, the min-cut from the source to each of the receivers

is at least R1. Achievability of rate pair (R1,R2) is then by coding over a block of large enough

length n1.

1We achieve rate pair (nR1,nR2) over the expanded graph Gn , by finding nR2 paths over graph Gn , routing the
private message over these paths and multicasting the common message over the remaining graph.
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We first show that this question can be formulated as a linear program as follows. Using the

standard techniques [80], we first artificially augment graph G by introducing one edge of

infinite capacity from each of the destinations D1,D2,D3 to the source S. We denote these

additional edges by (Dl ,S). On each edge (i , j ) ∈ E , we define four flow variables: A flow

variable fi , j and three other flow variables f (l )
i , j , where l = 1,2,3. Each flow f (l ) corresponds to

a flow from S to destination Dl . The flow f corresponds to a flow from S to D3. Intuitively, the

role of f is to model the R2 paths from S to D3. Also, when we remove the edges corresponding

to f from G , each of the flows f (l ) should ensure that the min-cut to each Dl is at least R1.

With these considerations, the linear program becomes as follows.

max fD3,S (5.28)

Subject to

fi , j + f (l )
i , j ≤ 1 ∀(i , j ) ∈ E , for l = 1,2,3 (5.29)∑

( j ,i )∈E∪{(D3,S)}
− f j ,i +

∑
(i ,k)∈E∪{(D3,S)}

fi ,k ≤ 0 ∀i ∈V (5.30)

∑
( j ,i )∈E∪{(Dl ,S)}

− f (l )
j ,i +

∑
(i ,k)∈E∪{(Dl ,S)}

f (l )
i ,k ≤ 0 ∀i ∈V , for l = 1,2,3 (5.31)

f (l )
Dl ,S ≥ R1 for l = 1,2,3 (5.32)

All variables ∈R+, (5.33)

where inequality (5.29) is imposed by the capacity constraint on each edge (i , j ) ∈ E , con-

straints in (5.30) and (5.31) are imposed by flow conservation for flows f and f (l ), l = 1,2,3, at

each vertex i ∈V , and finally equation (5.32) is imposed by the requirement that the min-cuts

to D1,D2 and D3 are each at least R1 on the graph that is resulted after subtracting flow f . We

denote the above linear program by {maxcx : Ax ≤ b}.

Let us denote the optimal value attained by this linear program by fR1 and note that since

R1 ≤ min{h1,h2,h3}, the rate pair (R1, fR1 ) is certainly an achievable pair for the problem of

nested two message set multicast on graph G . As we saw in Example 5.3, this scheme turns

out to be sub-optimal in some cases. We now seek conditions on the graph G such that this

routing scheme provides us with the capacity region. In this regard, we find it more convenient

to consider and analyze the dual of (5.28)-(5.33). To derive the dual program, we assign dual

variables d (l )
i , j to inequalities in (5.29), dual variables pi to inequalities in (5.31), dual variables

p(l )
i to inequalities in (5.31), and finally dual variables θl to inequalities in (5.32). The dual

program then becomes:

min
3∑

l=1

( ∑
(i , j )∈E

d (l )
i , j −R1θl

)
(5.34)

Subject to:

d (1)
i , j +d (2)

i , j +d (3)
i , j −pi +p j ≥ 0 ∀(i , j ) ∈ E (5.35)
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d (l )
i , j −p(l )

i +p(l )
j ≥ 0 ∀(i , j ) ∈ E , for l = 1,2,3 (5.36)

pS −pD3 ≥ 1 (5.37)

p(l )
S −p(l )

Dl
−θl ≥ 0 for l = 1,2,3 (5.38)

All variables ≥ 0. (5.39)

Note here that since R1 ≤ min{h1,h2,h3}, the primal program is indeed feasible and the optimal

values of the primal and dual are the same by strong duality. As a result, we also denote the

optimal value of the dual program by fR1 . In the sequel, we consider the dual program to be

given by {min yb : yA ≥ c}.

Lemma 5.1. Assume that the dual program (5.34)-(5.39) has an optimal integer solution, i.e.,

there is an integer assignment of the variables in the dual for which the value of (5.34) is equal

to fR1 . Then, we have

fR1 = min{h3 −R1, min
C1∈Λ1,C2∈Λ2,C3∈Λ3

|C1 ∪C2 ∪C3|+ |C1 ∩C2|−2R1}, (5.40)

where Λi , i = 1,2,3, denotes the set of all S −Di cuts over graph G.

Before explaining the proof of Lemma 5.1, let us state the main consequences of it.

Corollary 5.1. Given a rate R1 ≤ {h1,h2,h3}, if the dual program (5.34)-(5.38) attains an opti-

mal integer solution, then rate pair (R1, fR1 ) lies on the boundary of the outer-bound region in

Theorem 5.1.

Corollary 5.2. The rate-region in Theorem 5.1 is achievable, and therefore characterizes the

capacity region, if the the polytope {y : yA ≥ c} is integral, and in particular, if matrix A (which

is dependent merely on the incidence matrix B of graph G) is totally uni-modular.

The rest of this Subsection is devoted to proving Lemma 5.1. We will prove the following

statement which is clearly equivalent to the statement of the Lemma: Assume that we have

fR1 < h3 −R1 and that the dual has an optimal integer solution, then we have

fR1 = min
C1∈Λ1,C2∈Λ2,C3∈Λ3

|C1 ∪C2 ∪C3|+ |C1 ∩C2|−2R1, (5.41)

where Ci , i = 1,2,3, denotes an S−Di cut over graph G . The proof of this equivalent statement

consists of three steps. First we prove that in an optimal integer solution, the variable θ3 takes

the value θ3 = 0. Then we prove that a {0,1}-valued optimal solution exists. Finally by using

such a solution, we calculate the optimal value of the objective function and show that it is

equal to the expression in (5.41). Before going into the details of the proof, let us develop

a basic understanding of the dual program. We view each dual variable pi as a potential

associated to node i with respect to destination D3. Similarly, we view variables p(l )
i , where

l = 1,2,3, as potentials on node i each with respect to destination Dl . In this regard, inequality

(5.37) ensures that every path PS→D3 has a total decrease of potential at least equal to 1 from
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the source to destination D3. Similarly, an optimal solution requires that every path PS→Dl

has a total decrease of potential at least equal to θl from the source to destination Dl . We now

complete the proof in the mentioned three steps.

Step 1: In an optimal integral solution, we have θ3 = 0. To show this, we first note that for

any (not necessary integer) solution of the set of constraints (5.35)-(5.38) we have the

following relation for l = 1,2,3.∑
(i , j )∈E

d (l )
i , j ≥ hlθl , (5.42)

where hl denote the value of the min-cut from S to Dl . This is because each path PS→Dl

has a decrease of potetial at least θl and the value of each cut from S to Dl is at least

equal to hl . Now, let us rewrite the objective function (5.34) as follows.

(5.34) = (
∑

(i , j )∈E
d (1)

i , j −θ1R1)+ (
∑

(i , j )∈E
d (2)

i , j −θ2R1)+ (
∑

(i , j )∈E
d (3)

i , j −θ3R1) (5.43)

(5.42)≥ θ1(h1 −R1)+θ2(h2 −R1)+θ3(h3 −R1) (5.44)

Since R1 ≤ min{h1,h2,h3} and fR1 ≤ h3 −R1, it is easy from the above inequality to

conclude that for any (not necessarily integer) optimal solution we must have θ3 ≤ 1

and if we further assume that fR1 < h3 −R1 then we must have θ3 < 1.

Let us now consider the optimal integer solution. By a slight abuse of notation, we denote

the values of the optimal integer solution by {pi }i∈V , {p l
i }i∈V ,l∈{1,2,3}, {d (l )

i , j }(i , j )∈E ,l∈{1,2,3}

and θ1,θ2,θ3. By what we mentioned in the last paragraph, we have θ3 < 1 and since θ3

is a positive integer we get θ3 = 0. Also, since θ3 = 0 we have p(3)
S −p(3)

D3
≥ θ3 = 0 which

holds by equality a result of the complementary slackness condition (assuming R1 > 0

which is a reasonable assumption under fR1 < h3 −R1). Without any loss of generality,

therefore, we consider p3
i = 0 for i ∈V .

Step 2: Every optimal integer solution can be altered such that it becomes a {0,1}-valued

solution without affecting the optimal value of the objective function (5.34).

Lemma 5.2. There is an optimal {0,1}-valued solution to the dual program in (5.34)-

(5.39), provided that it attains an optimal integer solution.

The proof is constructive and we defer it to Appendix 5.1.

Step 3: An optimal {0,1}-valued solution of the dual program attains the following value for

the objective function.

min
C1∈Λ1,C2∈Λ2,C3∈Λ3

|C1 ∪C2 ∪C3|+ |C1 ∩C2|

We now find fR1 by solving the above minimization problem when the variables seek
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solution in {0,1}; i.e., we add (5.45) to the set of constraints.

All variables ∈ {0,1} (5.45)

To find the optimal {0,1}-valued solution of the above minimization problem, we note

that the dual variables θ1 and θ2 are both equal to 1 in any optimal solution of the

constrained dual program (otherwise, the condition fR1 < h3 −R1 is violated). Also in

any feasible solution, since all variables take their values in {0,1}, we have from (5.37) and

(5.38) that p(1)
S = p(2)

S = pS = 1 and p(1)
D1

= p(2)
D2

= pD3 = 0. Moreover, p(3)
S −p(3)

D3
= θ3 = 0.

Consider the optimal solution of this program and define sets C1,C2,C as C1 = {(i , j ) ∈
E : p(1)

i − p(1)
j = 1}, C2 = {(i , j ) ∈ E : p(2)

i − p(2)
j = 1}, and C = {(i , j ) ∈ E : pi − p j = 1},

respectively. Since the source potentials, p(1)
S , p(2)

S , pS , are all equal to one and the

corresponding destination potentials are all equal to zero, any path from source S to

destination D1 should have a decrease of potentials (on variables p(1)
i ) equal to one on

at least one of its edges (since the solution is integral). The same holds over variables

p(2)
i and pi . Sets C1,C2,C essentially capture this decrease of potential on all paths from

source S to destinations D1,D2,D3 respectively and therefore, C1 is an S −D1 cut, C2 is

an S −D2 cut and C is an S −D3 cut over graph G . It is easy to see that for this solution

the corresponding objective function value evaluates to |C1 ∪C2 ∪C3|+ |C1 ∩C2|.

Moreover, for any set of inclusion-wise minimal cuts C1 ∈Λ1, C2 ∈Λ2, and C ∈Λ3, there

exists a feasible solution which evaluates the objective function in (5.34) to |C1 ∪C2 ∪
C | + |C1 ∩C2|. To see this, take cuts C1, C2 and C and assign values to variables p(1)

i ,

p(2)
i , p(3)

i , pi , d (1)
i , j , d (2)

i , j and d (3)
i , j as follows. For any edge (i , j ) ∈C1 (resp. C2 and C ), set

p(1)
i = 1 and p(1)

j = 0 (resp. p(2)
i = 1, p(2)

j = 0 and pi = 1, p j = 0). This is a valid choice

because of the minimality assumption of the cuts. Set also d (1)
i , j = 1 for all edges (i , j )

that belong to C1 and d (2)
i , j = 1 for all edges (i , j ) that belong to C2. Assigning a value (0 or

1) to variables d (1)
i , j , d (2)

i , j , d (3)
i , j is slightly more tricky when (i , j ) ∈C : if (i , j ) ∈C \(C1 ∪C2),

then in order to respect the constraint d (1)
i , j +d (2)

i , j +d (3)
i , j ≥ 1, we set either d (1)

i , j or d (2)
i , j or

d (3)
i , j to one. However, if (i , j ) ∈C ∩ (C1 ∪C2), then d (1)

i , j +d (2)
i , j +d (3)

i , j is already assigned a

value of at least one. We finally set all unassigned variables to zero. With this assignment,

the objective function in (5.34) turns out to be equal to |C1 ∪C2 ∪C |+ |C1 ∩C2|. We can

therefore conclude that the minimum value of the objective function in (5.34) is given by

minC1,C2,C |C1 ∪C2 ∪C |+ |C1 ∩C2|, where the minimum is taken over all inclusion-wise

minimal cuts C1 ∈Λ1, C2 ∈Λ2, and C ∈Λ3. It is easy to verify that the minimum over all

is given by the minimum over the set of inclusion-wise minimal cuts.

5.3.2 How to design optimal linear network codes

As we saw in the previous section, in order to achieve higher rates of communication, the

nodes in the graph are obliged to mix the common and private messages. In this section, our
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primary interest is to provide some intuition, based on the results of Chapter 3, about how

such a mixing should be done. As a consequence, we provide a new achievability scheme that

strictly outperforms the achievability scheme of Section 5.3.1.

In this section, we confine ourselves to linear network codes, i.e., we assume that all interme-

diate nodes of the graph perform a linear encoding operation. Now, let us consider a specific

linear network code on graph G , i.e, we assume that the local operations at each node is given.

Within such a setting, each of the destinations Di receives a signal Yi = Ti X , where X is the

vector of signals sent by the source to its neighbors and Ti is is the transfer matrix from the

source to destination Di (we assume that it takes its values in finite field F ). Thus, under the

assumption that intermediate nodes perform linear operations, we can reduce our problem to

the problem of broadcasting over linear deterministic channels that we studied in Chapter 3.

Consequently, the rate-region in Lemma 5.3 (stated below), which is given in terms of transfer

matrices Ti , is achievable.

Lemma 5.3. Given an arbitrary graph with two public receivers (indexed within I1 = {1,2})

and one private receiver (indexed within I2 = {3}), and given the fact that the intermediate

nodes’ operations are linear and fixed, rate pair (R1,R2) is achievable if and only if the following

inequalities hold.

R1,R2 ≥ 0 (5.46)

R1 ≤ min{rank(T1),rank(T2)} (5.47)

R1 +R2 ≤ rank(T3) (5.48)

2R1 +R2 ≤ (rank(T1)+ rank(T2)+ rank(T123)− rank(T12)) (5.49)

Here, each matrix Ti, i = 1,2,3, is the end-to-end transfer matrix from the source to destination

Di that is imposed by the linear operations of the network nodes.

The main questions is, however, how to design matrices Ti . More precisely, given a target rate

pair (R1,R2), how can we design (if possible) the matrices Ti so that (R1,R2) lies in the region

given in Lemma 5.3.

One natural choice is to pick the operation of the intermediate nodes to be random and linear

and find an optimal code at the source with respect to the transfer matrices that they impose.

Through such a scheme, [27] shows that transfer matrices T1, T2 and T3 are formed such that

rank(T1) = h1, rank(T2) = h2, rank(T3) = h3, rank(T12) = h12 and rank(T123) = h123. For such

an assignment of the intermediate nodes’ operations, the rate-region achievable is then found

using Lemma 5.3. Substituting these rank constraints in the region of Lemma 5.3, one proves

achievability of all rate pairs which satisfy the following inequalities.

R1 ≤ min{h1,h2} (5.50)

R1 +R2 ≤ h3 (5.51)
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S

D1 D2 D3

(a) Rate pair (R1 = 1,R2 = 1) is not
achievable by random network coding.

S

D1 D2 D3

(b) Rate pair (R1 = 1,R2 = 1) is achiev-
able by routing the one symbol of the
private message over the blue path (in
solid lines) and by multicasting the one
symbol of the common message over
the remaining graph.

Figure 5.4: The source wants to communicate message W1 = [w1,1] and message W2 = [w2,1]
(of rates R1 = 1 and R2 = 1) over the graph shown above. Random linear network coding is not
an optimal strategy for the intermediate nodes of the graph, even among the class of linear
network codes.

2R1 +R2 ≤ h1 +h2 +h123 −h12 (5.52)

The following example illustrated why this choice of nodes’ operations is not an optimal

choice.

Example 5.4. Consider the graph shown in Figure 5.4a. If we perform random linear network

coding over this graph, we obtain end to end transfer matrices T1, T2, and T3 which satisfy the

following rank properties: rank(T1) = rank(T2) = 1, rank(T12) = 2, and rank(T123) = 2. This is

because randomized network coding results in transfer matrices with as high rank as possible.

So the achievable region is characterized by positive rate pairs that satisfy R1 ≤ 1, R1 +R2 ≤ 2

and 2R1 +R2 ≤ 2. One can verify that (1,1) does not satisfy the third inequality and is thus not

achievable using this scheme. Nonetheless, it could be achieved using the linear encoding

scheme depicted in Figure 5.4b. In Figure 5.4b, the blue path (in solid lines) carries the one bit

of W2, and the remaining graph (in dashed red lines) multicasts the one bith of message W1 to

all three receivers. 4

The reason random linear network coding turns out to be non-optimal is that although it

maximizes rank(Ti ), i = 1,2,3, and rank(T123) in (5.47)-(5.49), it also maximizes rank(T12)

which is not desired in (5.49).

Motivated by this example, in the following we give an achievable region that is based on a

more careful design of matrices Ti to be used in Lemma 5.3. The idea is explained as follows.
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5.3. Achievability Schemes

Let f , f (1), f (2), f (3) be integers and assume that we can find f edge-disjoint paths from the

source to destination D3 within the graph G . We dedicate these paths to routing information

from the source to destination D3. Note that what these paths carry is optimally designed

at the source using the code design of Chapter 3. We denote by G ′ the graph that is formed

after removing the aforementioned f disjoint paths from G . Now, assume that in the graph

G ′, the min-cut value to destination Di is equal to fi , i = 1,2,3. Hence, if we perform random

network coding on G ′, then D1 receives a rank of f (1), D2 receives a rank of f (2), and D3

receives a rank of f (3). Let T ′
i , i = 1,2,3, be the end-to-end matrices, on the residual graph G ′,

associated with Di . We thus have rank(T′
i ) = fi . Let us now consider the matrices Ti which

denote the end-to-end matrices associated to Di on the original graph G . Since G differs

from G ′ by the f disjoint paths from S to D3, we deduce that this scheme designs matrices

T1, T2, T3 to have the following ranks: rank(T1) ≥ f (1) rank(T2) ≥ f (2), rank(T3) ≥ f (3) + f and

rank(T1)+ rank(T2)+ rank(T123)− rank(T12) ≥ f (1) + f (2) + f . Therefore, using Lemma 5.3, this

encoding scheme achieves the following rate-region.

R1 ≤ min{ f (1), f (2)} (5.53)

R1 +R2 ≤ f (3) + f (5.54)

2R1 +R2 ≤ f (1) + f (2) + f (5.55)

Thus, an achievability region is obtained by taking the union over all such regions, for all

feasible f (1), f (2), f (3), f . More precisely, a rate pair (R1,R2) is achievable if there exists feasible

flow values from the source to the destinations such that (R1,R2) falls inside the region (5.53)-

(5.55). In this regard, we take a "flow" approach similar to the one mentioned in Section 5.3.1.

In a similar way as Section 5.3.1 we first artificially augment G by introducing one edge of

infinite capacity from each of the destinations D1,D2,D3 to the source S [80]. We denote

these additional edges by (Dl ,S). On each edge (i , j ) ∈ E , we define four flow variables: A flow

variable fi , j and three other flow variables f (l )
i , j , where l = 1,2,3. Each flow f (l ) corresponds to

a flow from S to destination Dl . The flow f corresponds to a flow from S to D3. One way to

check the achievability of a rate pair (R1,R2) is to impose the following conditions on the four

flows f , f (l )

fi , j + f (l )
i , j ≤ 1 ∀(i , j ) ∈ E , for l = 1,2,3 (5.56)∑

( j ,i )∈E∪{(D3,S)}
f j ,i − ∑

(i ,k)∈E∪{(D3,S)}
fi ,k ≤ 0 ∀i ∈V (5.57)

∑
( j ,i )∈E∪{(Dl ,S)}

f (l )
j ,i − ∑

(i ,k)∈E∪{(Dl ,S)}
f (l )

i ,k ≤ 0 ∀i ∈V , for l = 1,2,3 (5.58)

f (l )
Dl ,S ≥ R1 for l = 1,2 (5.59)

f (3)
D3,S + fD3,S ≥ R1 +R2 (5.60)

f (1)
D1,S + f (2)

D2,S + fD3,S ≥ 2R1 +R2 (5.61)
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All variables ∈R+. (5.62)

Let us denote the set of inequalities (5.56)-(5.62) by F (R1,R2). It is clear that if F (R1,R2) is

feasible (i.e., has at least one solution) then there exists a linear network code for which the

region (5.46)-(5.49) contains the rate pair (R1,R2). Thus we reach to the following achievability

region.

Theorem 5.2. The following is an achievable rate region for the problem of multicasting two

nested message sets over graph G:

Convex Hull {(R1,R2) : R2,R2 ≥ 0, F (R1,R2) is feasible }. (5.63)

We further investigate this achievability scheme through an example.

Example 5.5. Consider the graph in Figure 5.3, where a source communicates a message

W1 = [w1,1] and a message W2 = [w2,1, w2,2, w2,3] (of rates R1 and R2 respectively). We saw that

rate pair (R1 = 1,R2 = 3) was not achievable by routing the private message and multicasting

the common message over the remaining graph. It is also easy to see that a random linear

code for the intermediate nodes (and consequently rate-region in (5.50)-(5.52)) is not optimal.

Note that these two strategies are the two extremes of nodes’ operations where in the former,

the private message W2 is routed to its destination and is not combined with the common

message W1 and in the latter intermediate nodes perform random linear coding. One can

verify that rate pair (R1 = 1,R2 = 3) is indeed within the rate-region characterized in (5.63),

where the solution of the feasibility problem in (5.56)-(5.62) is obtained by f (1)
D1,S = 1, f (2)

D2,S = 2,

f (3)
D3,S = 2, and fD3,S = 2. 4

To summarize, in this section we discussed three achievability schemes and we explained

the need to properly mix the information, not only at the source, but also at the network

intermediate nodes. We also presented some preliminary results on how one can use the

connections to the problem of broadcasting over linear deterministic channels to devise more

careful network codes. However, the problem remains open on (1) how optimal linear network

codes can be designed to maximize the rate-region of Lemma 5.3, and (2) if linear network

codes are optimal at all.

5.A Proof of Lemma 5.2

The idea of the proof is similar to the concept of fractional cuts used in [80, Chapter 12]. Let

us first give an outline of the proof. Our objective is to alter the optimal integer solution in

several steps to reach an optimal {0,1}-valued solution. We start with the value of pi ’s, i ∈V ,

and show that there is an optimal solution for which pi ’s are {0,1}-valued. We then show that

θl ’s and p(l )
i ’s can also be assumed to be {0,1}-valued and finally with these assumptions, we

show that the d (l )
i , j ’s can also be altered to be {0,1}-valued.
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5.A. Proof of Lemma 5.2

Define the set A as

A = {(i , j ) ∈ E : d (1)
i , j +d (2)

i , j +d (3)
i , j > 0}. (5.64)

By using the equations (5.35) and (5.37), it is easy to deduce that the set A is indeed an S −D3

cut. This is because of the fact that since pS −pD3 = 1, every path from S to D3 must see a

decrease (by an amount of 1) on the potentials pi . In other words, on every path from S to D3

there exists at least one edge (i , j ) such that pi −p j ≥ 1. This, in return, means that (i , j ) ∈ A

and as a result A is an S −D3 cut. Hence, there exists a {0,1}-valued assignment of the values

pi , i ∈V with the following two properties: (1) pS −pD3 = 1 and (2) For any edge (i , j ) ∈ E such

that pi −p j = 1, we have (i , j ) ∈ A. As a result of these two properties, if we replace the values

of {pi }i∈V in the optimal integer solution with the above mentioned new values that are in the

set {0,1}, then the value of the objective function is not changed (since we have only changed

the pi ’s) and we reach to a new optimal integer solution with the property that all the pi ’s,

i ∈V , have their values in the set {0,1}. As a result, in the following we assume that pi ∈ {0,1},

i ∈V . We now show that there is a solution with θl ≤ 1 for l = 1,2 and then use this to show

that the variables d (l )
i , j can also be assumed {0,1}-valued in an optimal integer solution. We

define the sets Al , l = 1,2,3, as follows.

Al = {(i , j ) ∈ E : d (l )
i , j > 0} (5.65)

It is clear that by the optimality of the solution we have A3 ∩ (A1 ∪ A2) =;. This is because if

(i , j ) ∈ A3 ∩ (A1 ∪ A2), then by letting d (3)
i , j = 0 we get to an other feasible solution which has a

smaller value of (5.34) and this contradicts the assumption of optimality. Note also that the

set A1 ∪ A2 ∪ A3 forms an S −D3 cut. Without loss of generality, assume θ1 > 1. We now claim

that the set A1 can be written as a union A1 = A1
1 ∪ A2

1 ∪·· ·∪ Aθ1
1 , such that (1) each of the sets

At
1, 1 ≤ t ≤ θ1, is an S −D1 cut and (2) for integers t1, t2 such that 1 ≤ t1 ≤ t2 ≤ θ1, the cut At1

1 is

dominated2 by At2
1 . This claim can easily be deduced from the fact that for any path PS→D1

sees a decrease on the potential p(1)
i , i ∈V , by a value which is at least θ1 and such decrease

is captured through the variable d (1)
i , j which constitute A1. Now, since each of the sets At

1 are

themselves an S −D1 cut, we have for 1 ≤ t ≤ θ1

| At
1 |≥ h1. (5.66)

The idea is now to construct a new optimal integer solution with θ1 ← θ1−1. The new solution

is constructed by altering the current solution as follows:

1. For (i , j ) ∈ Aθ1
1 let d (1)

i , j ← d (1)
i , j − 1. Also, let θ1 ← θ1 − 1. Note here that by (5.66) this

reduction only reduces the objective value and hence the new solution is still optimal.

2. Redefine A1 as in (5.65). We can now reassign the values p1
i so that the relations (5.36)

hold for i ∈V .
2We say that cut C dominates cut C ′, if for each edge e = (u, v) ∈C ′, every path PS→u passes through the set C

[36].
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3. Also, consider the set A1 ∪ A2 ∪ A3. Since θ1 ≥ 1, this set is still an S −D3 cut and hence

we can re-assign the values pi , such that they are {0,1}-valued and (5.37) holds (note

that this is possible since we have pS −pD3 = 1).

Let us summarize. Given an optimal integer solution with θ1 > 1 (similarly θ2 > 1), we con-

structed a new optimal integer solution with θ1 ← θ1 −1 (similarly θ2 ← θ2 −1). Hence, by

induction we have proved that there is a solution with θ1,θ2 ≤ 1. Now, if we have θ1 = 0 (or

θ2 = 0) then it is easy to see that we can fix p1
i = 0 ( p2

i = 0) for i ∈V . Also, for the case θ1 = 1

we conclude that the set A1 (defined in (5.65)) is an S −D1 cut and hence we can choose the

values of p1
i among the set {0,1}. Similar argument also applies if θ2 = 1. Finally we show that

when all the variables θl , p l
i and pi , i ∈V and l = 1,2,3, are {0,1}-valued, then the variables d (l )

i , j

should to be {0,1}-valued. We first consider the sets Al , l = 1,2,3, as defined in (5.65) and note

that A3∩(A2∪A2) =;. Consider an edge (i , j ) ∈ A1 such that d (1)
i , j > 1. It is now easy to see that

setting d (1)
i , j = 1 does not violate any of the relations (5.35)-(5.38) and this is in contradiction

with the optimality of the solution. Hence, there exists no edge (i , j ) ∈ A1 with d (1)
i , j > 1. Similar

argument also applies to the assignments of the variables d (2)
i , j and d (3)

i , j .
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6 Concluding Remarks

Finding optimal and near-optimal communication schemes for broadcasting and multicasting

nested message sets over wireline and wireless networks is of significant importance in today’s

networks. In this thesis, we focused on the scenario where two nested message sets are to be

communicated.

We started with the problem of broadcasting over single-hop channels, to which we took a

deterministic approach (via linear deterministic models). A Linear deterministic model for

broadcast channels is mainly motivated by the MIMO Gaussian broadcast problem in the

high SNR regime. We started our study with a simple, yet rich, class of such deterministic

broadcast channels (i.e., combination-network channels) and addressed the main challenges

in designing optimal encoding schemes and sought new techniques. In particular, we gave an

exact characterization of the ultimate rates of communication (together with a class of linear

codes that achieved them) over channels with three public and any number of private receivers.

We showed sub-optimality of these schemes for channels with more than three public receivers

and proposed a block Markov scheme which allowed communication at higher rates. Using

this technique, we characterized a set of achievable rates of communication. The intuitions

and techniques that we developed over this class of channels guided us towards designing

optimal codes for (general) linear deterministic channels. We fully characterize the set of all

admissible rates of communication for linear deterministic channels with two public and any

number of private receivers. We extended this result to also allow communication of three

nested message sets. Our results have partially appeared in [33, 68, 73, 74].

Remark 6.1. Within this framework, there remains many open questions. An interesting future

direction is the study of fundamental limits of communication (and optimal/near-optimal

communication schemes) for broadcasting over MIMO Gaussian broadcast channels. An other

interesting future direction is the study of the underlying difficulties in extending the capacity

results over (general) linear deterministic channels with more than two public (and any number

of private) receivers. This also asks for an investigation on stronger bounding techniques and

converse methods.
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Chapter 6. Concluding Remarks

Having built our intuitions and techniques over linear deterministic models, we then studied

the problem of broadcasting two nested message sets over general channels with two public

and one private receiver. Our results have partially appeared in [71, 72]. The ultimate rates

of communication (and consequently optimal communication schemes) are, in general,

unknown for such channels. We adapted the block Markov encoding scheme, which we

developed within the framework of simple linear deterministic channels, to general broadcast

channels and characterized a set of achievable rates. Over channels with two public and one

private receiver, we showed that our block Markov encoding scheme performs at least as

well as the best previously known results. We also argued that using block Markov encoding

scheme might be a promising approach to strictly outperform the previous schemes over

channels with more public and private receivers.

Remark 6.2. Such techniques raise many interesting questions and future directions. First of

all, the proposed block Markov encoding scheme lays out a technique to simplify and relax

the achievable-rate region; investigating whether or not this relaxation is strict is of interest.

Secondly, the block Markov idea strictly improved the linear superposition coding over an

instance of linear deterministic channels with three or four public and three private receivers.

We wonder if there exists channels with three public and any number of private receivers,

over which the block Markov idea strictly improves (general) superposition coding techniques.

Finally, potential implications of simplifying the inner-bound rate-region in finding matching

outer-bounds needs further investigation.

When communication takes place over a multi-hop network, designing optimal strategies

of communication becomes much more challenging as the encoding scheme of the source

should be designed jointly together with the encoding schemes of all the intermediate nodes

of the network. Noiseless models have shown to be good candidates and a first step towards a

better understanding of noisy wireless networks. In their ground-breaking paper, Ahlswede et

al. considered single-message-multicast over wireline networks, established the max flow-min

cut relationship, and showed that nodes in the network need to perform coding in order to

achieve the capacity. Later on, Avestimehr et al. generalized this result to linear deterministic

models, and used it to find approximate solutions to the ultimate rate with which a single mes-

sage could be multicast to multiple destination over Gaussian relay networks. When multiple

messages are to be communicated over the network, however, a new challenge appears and

that is how to allow mixing of the messages to be communication-wise efficient and yet have

the end-users reliably decode their possibly different messages of interest. We explored this

problem over wireline networks, assuming two public and one private receivers. Seeking inner

and outer bounds on the capacity region of such networks, we characterized the capacity

region of a class of networks (identified by a condition on their incidence matrix), where the

achievability is by routing the private message to the private receiver and multicasting the

common message (on the remaining network) to all receivers. Our results appear in [69, 70].

Remark 6.3. Characterizing all admissible rates of communication over networks with two

public and one private receiver, in general, remains open for further investigation. It is also
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interesting to carry out such studies over deterministic models of wireless networks (such as

the linear deterministic model of Avestimehr et al.), with the hope of shedding light on the

optimal communication schemes for nested message multicast over noisy wireless networks

(e.g., Gaussian relay networks).
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